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Abstract 

Semiclassical Hamiltonian field theory is investigated from tlie axiomatic point of view. A notion of a 
- • semiclassical state is introduced. An "elementary" semiclassical state is specified by a set of classical 
^ield configuration and quantum state in this external field. "Composed" semiclassical states viewed 
Ch,s formal superpositions of "elementary" states are nontrivial only if the Maslov isotropic condition 
& satisfied; the inner product of "composed" semiclassical states is degenerate. The mathematical 
c$)roof of Poincare invariance of semiclassical field theory is obtained for "elementary" and "composed" 
^^emiclassical states. The notion of semiclassical field is introduced; its Poincare invariance is also 
i^piathematically proved. 
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1 Introduction 



Different approaches to semiclassical field theory have been developed. Most of them were based on 
the functional integral technique: physical quantities were expressed via functional integrals which were 
evaluated with the help of saddle-point or stationary-phase technique. Since energy spectrum and S- 
matrix elements can be found from the functional integral this approach appeared to be useful 

for the soliton quantization theory |]l], H, ||, ||. 

Another important partial case of the semiclassical field theory is the theory of quantization in a 
strong external background classical field [H or in curved space-time 0: one decomposes the field as a 
sum of a classical c- number component and a quantum component. Then the theory is quantized. 

The one-loop approximation p], ^, |1^, |ll[], the time-dependent Hartree-Fock approximation p, ^ 
0, and the Gaussian approximation developed in |]T^ |T5|, |16|, [l^ may be also viewed as examples 
of applications of semiclassical conceptions. 

On the other hand, the axiomatic field theory |TB|, |TU], Q tells us that main objects of QFT are 
states and observables. The Poincare group is represented in the Hilbert state space, so that evolution, 
boosts and other Poincare transformations are viewed as unitary operators. 

The purpose of this paper is to introduce the semiclassical analogs of such QFT notions as states, 
fields and Poincare transformations. The analogs of Wightman Poincare invariance and field axioms 
for the semiclassical field theory are to be formulated and checked. 

Unfortunately, "exact" QFT is mathematically constructed for a restricted class of models only (see, 
for example, |2T|, ^ Therefore, formal approximate methods such as perturbation theory seem 



to be ways to quantize the field theory rather than to construct approximations for the exact solutions 
of QFT equations. The conception of field quantization within the perturbation framework is popular 
p5t p^ . One can expect that the semiclassical approximation plays an analogous role. 

To construct the semiclassical formalism based on the notion of a state, one should use the equation- 
of-motion formulation of QFT rather than the usual S'-matrix formulation. It is well-known that 
additional difficulties such as Stueckelberg divergences and problems associated with the Haag 
theorem PSI, |2D| arise in the equation-of-motion approach. There are some ways to overcome them. 
The vacuum divergences can be eliminated in the perturbation theory with the help of the Faddeev 
transformation Stueckelberg divergences can be treated analogously (exactly solvable models 
with Stueckelberg divergences have been suggested recently |3^). These investigations are important 
for the semiclassical Hamiltonian field theory p3| . 

The semiclassical approaches are formally applicable to the quantum field theory models if the 
Lagrangian depends on the fields and the small parameter A as follows (see, for example, 0): 

1 ?T7^ 1 

C = -d,^d,^ - —v' - -V{^^), (1.1) 

where V is an interaction potential. To illustrate the formal semiclassical ansatz for the state vector, use 
the functional Schrodinger representation (see, for example, [0 |T3|, |T6], |1^). States at fixed moment of 
time are represented as functionals \l/[v?(-)] depending on fields <y5(x), x G R'^, the field operator <^(x) is 
the operator of multiplication by V5(x), while the canonically conjugated momentum 7r(x) is represented 
as a differentiation operator —i5/8ip{'x). The functional Schrodinger equation reads 



dt 

where 

n 



(1.2) 



The simplest semiclassical state corresponds to the Maslov theory of complex germ in a point ||3^ , |35| , p^] . 
It depends on the small parameter A as 

^*[^(-)] = ex^^e^/^'^n'WI-W^-^^^^)]/* ( ^{.) -^]^ {Ks^,n^,^.f)M.)], (1.3) 
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where S*, n*(x), $*(x), t G R, x G R*^ are smooth real functions which rapidly damp with all their 
derivatives as x — > cxd, is a t-dependent functional. 

As A ^ 0, the substitution (|1.3| ) satisfies eq. (|1.2|) in the leading order in A if the following relations 
are obeyed. First, for the "action" one finds, 



^ = y rfx[n*(x)$*(x) - -(n*(x))^ - -(v$*(x))2 - ^m^)r - vm^m 

Second, 11*, obeys the classical Hamiltonian system 



¥ = u\ -n* 



-A + m2)$* + 1/'($*), 



;i-4) 



1.5) 



Finally, the functional /* satisfies the functional Schrodinger equation with the quadratic Hamiltonian 



(ix 



;i.6) 



There are more complicated semiclassical states that also approximately satisfy the functional 
Schrodinger equation (|1.2|) . These ansatzes correspond to the Maslov theory of Lagrangian manifolds 



with complex germs They are discussed in section 5. 

However, the QFT divergences lead to the following difficulties. 

It is not evident how one should specify the class of possible functionals / and introduce the inner 
product on such a space via functional integral. This class was constructed in [Q. In particular, it was 
found when the Gaussian functional 



= const exp{- / rfxc/y0(x)0(y)7^(x, y)) 



;i-7) 



belongs to this class. The condition on the quadratic form TZ which was obtained in |Q depends on 
H and differs from the analogous condition in the free theory. This is in agreement with the statement of 
p7| p8| that nonequivalent representations of the canonical commutation relations at different moments 
of time should be considered if QFT in the strong external field is investigated in the leading order 
in A. However, this does not lead to non-unitarity of the exact theory: the simple example has been 
presented in . 



Another problem is to formulate the semiclassical theory in terms of the axiomatic field theory. 
Section 2 deals with formulation of axioms of relativistic invariance and field for the semiclassical 
theory. Section 3 is devoted to construction of Poincare transformations. In section 4 the notion of 
semiclassical field is investigated. More complicated semiclassical states are constructed in section 5. 
Section 6 contains concluding remarks. 



2 Axioms of semiclassical field theory 



In the Wightman axiomatic approach the main object of QFT is a notion of a state space [jT8|, |T9|, ^ 
Formula (|1.3|) shows us that in the semiclassical field theory a state at fixed moment of time should 
be viewed as a set (S", H(-), $(■), /[0(-)]) of a real number S, real functions H(x), $(x), x G R*^ and a 
functional f[(f){-)] from some class. This class depends on H and Superposition of semiclassical states 
(S*!, Hi, $1, /i) and (5*2, H2, $2, /2) is of the semiclassical type (pTSp if and only if 5*1 = 5*2, $1 = $2, 
Hi = H2. 

Thus, one introduces |^ |^ the structure of a vector bundle (called as a "semiclassical bundle" 
on the set of semiclassical states of the type (p,.3D. The base of the bundle being a space of 



m 



sets (5, H, $) ("extended phase space" [^) will be denoted as X. The fibers are classes of functionals 
which depend on $ and H. Making use of the result concerning the class of functionals 13^ , one makes 
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the bundle trivial as follows. Consider the $, 11- dependent mapping V which defines a correspondence 
between functionals / and elements of the Fock space JF: 

as follows. Let 7?.(x, y) be an $, 11 - dependent symmetric function such that its imaginary part is a 
kernel of a positively definite operator and the condition of ref. (see eg. (|3.73|) of subsection 3.6) is 
satisfied. . By TZ we denote the operator with kernel TZ, while F has a kernel i~^{TZ — TZ*). The vacuum 
vector of the Fock space corresponds to the Gaussian functional (p..7|). The operator V is uniquely 
defined from the relations 

y-U_|_y = z(7tf-VM+ - 7t*f-VM-)(x). ^ ^ 

Here A^{x.) are creation and annihilation operators in the Fock space. 

Definition 2.1. A semiclassical state is a point on the trivial bundle X ^ T ^ X . 

An important postulate of QFT is Poincare invariance. This means that a representation of the 
Poincare group in the state space should be specified. For each Poincare transformation of the form 

x''^ = bJ'X + a^, /i, 1/ = M (2.2) 

which is denoted as (a, A), the unitary operator a should be specified. The group property 

^ai,Ai)W(a2,A2) = W(ai,Ai)(a2,A2) 

with 

(ai,Ai)(a2,A2) = (ai + AiOs, A1A2). 

should be satisfied. 

Formulate an analog of the Poincare invariance axiom for the semiclassical theory. Suppose that the 
Poincare transformation Ua^tv takes any semiclassical state (X, /) to a semiclassical state (X, /) in the 
leading order in A^/^. Denote X = Ua,AX, f = U{ua,AX ^ X)f. 

Axiom 1 (Poincare invariance) 

() the mappings Ua^^ ■ X —y X are specified, the group properties for them Mai,Ai^a2,A2 = ^(ai,Ai)(a2,A2) 
are satisfied; 

for all X E X the unitary operators Ua,k{Ua^KX <— X) : J-' —>■ J-", obeying the group property 

^ai,Ai(M(ai,Ai){a2,A2)^ M(a2,A2)-^)f^a2,A2 (""(02^2)-^ ^ X) = 
^(ai,Ai)(a2,A2)("(ai,Ai)(a2,A2)^ ^ ^) 

are specified. 

An important feature of QFT is the notion of a field: it is assumed that an operator distribution 
<^(x, t) is specified. Investigate it in the semiclassical theory. Applying the operator <^(x) to the 
semiclassical state (p..3|), we obtain an analogous state: 

gi5*gi / dxnt(x)[v(x)v^~$'(x)] /*(^(.) _ i!ii), 

where 

/*[0(-)] = (A-^/'$*(x) + 0(x))/*[0(-)] 

As A — > 0, one has 

^(x,t) = A-i/2$*(x) + 0(x,t:X), 

where 0(x, t : X) is a 11, dependent operator in JF, $*(x) = $(x : X) is a solution to the Cauchy 
problem for eq.( |1.5|) . The field axiom can be reformulated as follows. 
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Axiom 2. For each X & X the operator distribution 0(x, t\ X) : T ^ T is specified. 
An important feature of tlie relativistic quantum field theory is the property of Poincare invariance 
of fields. The operator distribution 0{'x,t) should obey the following property 

Apply this identity to a semiclassical state (X, /). In leading orders in A^^^, one obtains: 

A-V2$(x : X){Ua,AX, Ua,A{Ua,AX ^ X) f) + ^aX, t/,,A(Ua,A^ ^ : X)/) = 

A-i/2$(Ax + a : m,,aX)KaX, UaA^a^X ^ X)f) 

+ {Ua,AX, 0(Ax + a : Ua,AX)Ua,A{Ua,AX X)f). 

Therefore, we formulate the following axiom. 

Axiom 3. (Poincare invariance of fields). The following properties are satisfied: 

^{x : X) = ^{kx + a : Ua,AX)] (2.3) 
0(AX + a : Ua,AX)Ua,A{Ua,AX ^ X) = U^A^aAX ^ X)^{x : X). (2.4) 



3 Construction of the Poincare transformations 

This section is devoted to the problem of relativistic invariance of the semiclassical field theory. The 
axiom 1 will be checked. The mappings Ua^A and unitary operators Ua^A are to be specified, the group 
property is to be justified. 

3.1 Heuristic definition 

Consider some special cases of Poincare transformations (a. A). The transformation (a, 1) is called 
translation. If a" = 0, this is a spatial translation, while the a = 0-case corresponds to the time 
translation or evolution. The transformation (0, A) = A is called as a Lorentz transformation. If 
A = A,, 

/ cosh r — sinh r 
At- = — sinhr coshr " | (3.1) 

V 

the Lorentz transformation is called -boost. If 



A 



1 
L 



the Lorentz transformation is called as a spatial rotation. Let Ln be such a spatial rotation that 

L^n = ei, (3.2) 

where ei is a spatial vector of the form (1, 0, 0, ...). The transformation 

= Lj^^A^Ln (3.3) 

will be called as n-boost. It does not depend on choice of L^- Namely, let L^"* and L^'' be spatial ro- 
tations obeying eg. (|37^) . Then L^^\L^^)~^ei = ei. Therefore, the transformations A^ and L^\L^^^)~^ 
commute. Thus, (L«)-iA<^LW = {L'^^y^A^L^^l 
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Lemma 3.1. pOf Let (a, A) be a Poincare transformation. It is uniquely presented as 

(a, A) = {a,l)A^L, 

where is a boost, L is a spatial rotation. 

Proof. It follows from ( p.2| ) that (a, A) = (a, 1)A. Let us show that A = A^L and this decomposition 
is unique. Consider the transformation x' = Ax: 

= ax^ + (3ix\ 
= 7*x° + A\x^. 



'0 



Let L'^^'^ be such a rotation that L^^'^'^ = ||7||ei. Consider the transformation y'* = (L*^^^)*x'-', y'^ = x 
One has 

y'^ = ax^ + PiX'^; 
y'^ = ||7||x° + Alx'^; 

where P, p = 2, d, i, k = l,d. Since — ||7|P = 1, set a = cosh0, ||7|| = sinh0. Denote z' = A^^y'. 
One has 

z'o = x° + I3ix\ 
z'^ = BjX^. 

Therefore, A = 0. This is a rotation L^^) then. Thus, A = (L(i))-iA<^L(i)(L(i))-il(2) = A^^L with 
n = 7/II7II. This decomposition is unique. Lemma 3.1 is proved. 

To construct mappings Ua,A and operators Ua,A, one may consider first the partial cases (time 
evolution, spatial translations, x^ or n-boost, spatial rotations) and then use the group property. 

First of all, let us consider the representation of the Poincare group f/a,A in the functional Schrodinger 
representation. Formally, they are related with Ua,A by the relation 

UaAUa,AX ^X) = K.,^xf/a,AKAX ^ X)V^\ (3.4) 

To construct operators [/q a and mappings Ua^A, let us use formal expressions for the Poincare transfor- 
mations in the "exact" field theory. Namely, the (formally) unitary operator Z//^ a corresponding to the 
Poincare transformation 

(a. A) = (a°,0)(a,0)exp(a'=/0'=)exp(^^,^r"^) 



where 6^m = —theta. 
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has the form 



Ua,A = exp[zP°a°] exp[-zP^a^] exp[ia''M°''] expl^M^^'Oi^]. (3.5) 



The momentum and angular momentum operators entering to formula (|3.5| ) have the well-known form 
(see, for example, ||25[| ) 



P'^ = y cixT'^°(x), M^^ = J dx[x^T^°(x) -x^T'^°(x)], (3.6) 

where formally 



We are going to apply the operator ( p.5| ) to the semiclassical state (p..3|). Note that the operators 
and J^^" (|3.6| ) depend on field (p and momentum tt semiclassically, 

VP = ^pp{^n{.), VX0{.)), MP" = jMP'^iVXfci-), VX0{-)), 



It is convenient to consider the more general problem (cf. [^).Let us find as A ^ the state 

exp{-iA)Kso^no,<s>of, (3.7) 

where Ks n * has the form (ITT 



A=\a{^^tt{-),V\0{-)). 

A 

Note that the state functional ( p.7|) may be viewed as a solution to the Cauchy problem of the form 

vl/0[y,(.)] = (K50,no,*o/0)[^(.)] ^ ■ ^ 

at r = 1. Let us look for the asymptotic solution to eg. ( p.8D in the following form: 

vI/-[^(.)] = (ir5^^^*^^)b(■)]• (3-9) 
Substitution of functional ( |3.9| ) to eg. (|3T8|) gives us the following relation: 

[-{{s^ - /rfxn^(x)<i.^(x)) - ^/dx(ri-(x)0(x) + $-(x)^4^) + z^]r[0(-)] = 

iA(n^(-) - ^v\Ji^, $-(■) + v\<Pi-))r[m- 

Considering the terms of the orders 0(A^^), 0(A~^/^) and 0(1) in eg.(PTTD), we obtain 



(3.10) 



= J c/xn"(x)<i>"(x) - A{W{-), $"(■)), (3.11) 

^r.. _ ^^(n-(-), $-(•)) n^x) - JAmii^ (3 12) 

^ ^""^ " 5n(x) ' ^""^ " 5$(x) ' ^^-^^^ 



1 1 .5 .52^ 1 <5 



' dr \J "^"J [2 j 5</,(x) 5n(x)<5n(y) i 5?i(y) 



(3.13) 

, , .Till;-! -I- Ai^ 1 T'l/ni.ii 

' 5#(x)<5n(y) i <5(/.(y) ' 2^^ U<l>{x)5<S>(y) 

Here is a c-number guantity which depends on the ordering of the operators (f and vr and is relevant 
to the renormalization problem. 

We see that for the cases A = -P°a°, A = V^a^, A = -a^M^^, A = lOsmM'"^ the mapping Ua,A 
takes the initial condition for the system ( |3.11| ), ( p.l2| ) to the solution of the Cauchy problem for this 



system at r = 1. The operators Ua,A transforms the initial condition for eg. (|3.13| ) to the solution at 
r = 1. 

3.2 Poincare invariance of the classical theory 

The purpose of this subsection is to find explicit forms of mappings Ua^\. Consider some special cases. 
3.2.1 Spatial rotations 

For this case, a = 0, A = L = exp(|/*'"^sm), so that Lf = {exp9)f, where 9 is an antisymmetric matrix 
with elements 9ki- One has A = —^9sm-^'^"^, so that 

A[U, ^ = \j dxYi{-K)9,^{x'd^ - x™9,)$(x) (3.14) 

with dm = System (|3.11|) , (|3.12|) takes the form 



<l>-(x) = I9,m{x'dm - x-9,)<l>-(x), 

n-(x) = l9,m{x'dm - x-a,)n-(x), (3.15) 
5" = 0. 
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Eqs.( |3.15[) can be represented as 



1-^- (expire, jn^) = 0, 1-w (expires jn^) = 0. 

Therefore, ^\Lx.) = $0(x), Il\Lx) = nO(x), so that 

$i(x) = <l>°(L-ix), n^(x) = n°(L-ix), 5^ = ^°. (3.16) 

3.2.2 Spatial translations 

For this case, a° = 0, A = 1, so that A = V^a^ and 

A[n, ^] = - J rfxa'=9fe<l>(x)n(x). (3.17) 

System ( pTTD , ( pA2|) takes the form 

$"(x) = -a'=(9fc<l>"(x), fl"(x) = -a'=(9fcn"(x), 5" = 0. (3.18) 

Therefore, 

<l>"(x) = $(x-ar), n"(x) = n(x-ar), 5" = 5°. (3.19) 

3.2.3 Evolution transformation 

Let a° = —t, a = 0, A = 1. Then A[Il, $] is a classical Hamiltonian, so that M--j,o,i is a mapping taking 
the initial condition for system ( |1.4| ), ( |1.5| ) to the solution of the corresponding Cauchy problem. 

3.2.4 The n-boost 

Let A = A^n have the form (U), a = 0. Then A = n^M^^, so that 

A[n, $] = I dxnV[^n2(x) + i(V<l>)2(x) + ^$^(x) + KK-^-lx))] (3.20) 
System ( pID , ( ^21) takes the form: 



$^(x) = n'''a;'TI^(x), 

Il^(x) = -Vx'=n^V$^(x) + x'=n'=(m2<l>^(x) + ^/(^^(x))), (3.21) 
|(n-(x))2 + l(V$^(x))2 + ^f 



5" = /rfx[n"(x)$"(x) - x^n%{W{iL)f + |(V$"(x))2 + if ($-(x))2 + y($"(x))] 



3.2.5 General formulas 

Let (a, A)be an arbitrary Poincare transformation. It happens that the mapping a : {S-, H, $) i-^ 
(S", n, $) has the following form. Let $(x, t) = $(x) be a solution of the Cauchy problem 

d^d^^{x) + m2$(x) + l^/($(x)) = 0, 

$(x,o) = $(x), |$(x,t)|,=o = n(x). ^^-'^^ 



Denote 

It appears that 



$(x) = $(A-^(x-a)). 

<l(x) = $(x,0), n(x) = |$(x,t)|i=o, 
^ = ^ + / dx[^(x°)^(-(Ax + a)°) - ^(-xO)^((Aa; + a)°)] (3.23) 
x[\d^,^{x)d''^{x) - ^$2^x) - Vi{^{x)). 



First of all, show that eqs. (|3.23| ) are correct for the partial cases mentioned above. For spatial trans- 



lations and rotations formulas (|3.23|) give S = S, <l>(x) = <I>(L ^(x - a)), n(x) = U{L ^(x - a)). 



This coincides with eqs. (|3.16| ), (|3.19|) . For evolution transformation, eqs. (|3.23| ) are in agreement with 



eqs. (p^) , (|1.5|). Let us check formulas (|3.23| ) for the x^-boost, A = A,-. One has 



$t(x) = coshr + x^sinhr, x^, x'^, x° coshr + sinhr)|j.o=o, 
ri^(x) = -^^{x^ coshr + x° sinh r, x^, x'', x° cosh r + sinhr)|2;0=o, 



The functions $t-, obey system ( |3.21| ). For the integral for S, consider the substitution x^ = sinh r. 



x^ = y-*^ coshr, x^ = y"^,..., x'^ = y'^. One finds 

S^ = S + l dfy'dy[-{UAy)r - -(V$.(y))^ - — $?(y) - ^($.(y))] 



This agrees with ( p. 21 ). 



Any Poincare transformation can be obtained as a composition of considered partial cases. To check 
formulas ( p.23| ) for the general case, it is sufficient to prove the following lemma. 
Lemma 3.2. For transformation the group property is satisfied. 

Proof. Let Uqi.Ai, Ma2,A2 be Poincare transformations. Show that M(ai,Ai)(a2,A2) = Wai,AiMa2,A2- Let 
u^a,,A,){S,U,^) ='(^,n,'|)), u^a,,A,){S,Il,^) = (8,11,^), M(,,,a,)(„„a,) (^, H, $)' = (^,0,$). One has 

<l>(x) = $(A2 ^(x — 02)) because of Poincare invariance of ( p.22| ). Therefore, ^(x) = ^(Ag ^(A]^^(x — 
«i) - 0-2)) = $((AiA2)"^(x - ai - Aia2)). We see that n(x) = n(x), $(x) = $(x). Lemma is proved. 
We obtain the following corollaries. 

Corollary 1. For arbitrary Poincare transformation, Ua,\{S, U, $) = {S, 11, $), where {S, 11, $) has 
the form (f^J^. 

Corollary 2. Property l \2.!^ is satisfied. 

Let us make more precise the definition of the space X. 

Definition 3.1. X is a space of sets {S, U, $) of a number S and functions 11, $ G S'(R'^) such that 
there exists a unique solution of the Cauchy problem ^3.2^ ) such that the functions $(Ax + a)|^o=Q and 
9^$(Ax + a) 13,0=0 are of the class 5'(R'^) for all a. A. 

We see that the transformation Ua,A : X ^ X is defined. 

3.2.6 Infinitesimal properties 

According to formula (|A.2|) of Appendix A, one can introduce the operators 5[A\ on the space of 



differentiable functionals F of 5", 11, $ for each element A of the Poincare algebra. This operator plays 
an important role in analysis of algebraic properties of the representation Ua^K- 

Elements of Lie algebra of the Poincare group can be identified with sets {b^, 6'^'^), 9"^ = —9^^. The 
curve on the Poincare group with the tangent vector (6, 9) can be chosen to be 

(a(r),A(r)) = (r6, exp(reO'=/ofc) exp( V^^^)). 

The operator 9)] is a linear combination of 6, 9: 

9)] = \9,^bti - - ^o™5^ + 
Let us find the coefficients from eqs. ( p. 151) , (|3.19|) , (|1.5|), ( |3.21| ). Let F be a differentiable functional of 

s, n, $. 

1. Let = 0, 6° = 0, b ^ 0. Then 



bF , bF 

^(5<i>(x) 5n(x) 



-b^b%F = -b'' I d^ ( T^^9fc<l>(x) + -^r^^dkUi^) 
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2. For 



0, 6 = 0, one has 



6F 



3. For 6V 0, b = 0, = 

b^SHF = -W J c/x 
60f /rfx 



(5F 



(5F 



.^(x) (-A«l'(x)+m2$(x) + r($(x))),„(^^ 

in2(x) - i(V$(x))2 - Hi$2(x) - 1^($(X))]. 



4. For boost transformation 6'°'^ 7^ 0, = 0, 6 = and 



SF 
<54>(x) 



-9iX™9i$(x) + x™m2$(x) + a;'"V"'($(x)))^^] + 



^o^^f /cixa;™[in2(x) - |(V$(x))2 - i|^<|.2(x) - l^(<l>(x))]. 
The introduced operators obey usual properties of the Poincare algebra ( [A.5| ): 



3.3 Semiclassical Poincare transformations in the functional representa- 
tion 

We have formally found the operators lJa,k- However, it is not easy to check the group property. 
Therefore, construct the representation of the Poincare algebra according to Appendix A. Then we will 
check the algebraic property. The group property will be a corollary of the results of Appendix A. 
Let us construct the operators H{{h, 6) : S", 11, $) ( |A.71 ) for elements of the Poincare algebra: 

1 



Hiib, 6) : S, n, $) = --^z„M"- + b'P' + OomB 



Consider some cases. 



3.3.1 Spatial rotations 



For this case, a = 0, A = L = exp(f ^,„J^'"), A = -^OsmM'"', A has the form (|37[^) . Therefore, 
eq.( p.l3| ) takes the form 

= 7;0sm f d^ix'd^-x'^ds)<P{^)--—-r. 
2 J I 0(0 X 



It follows from eq.( |A.7| ) that 



- / dx[(x^a„-x™a,)</)(x)]- ^ 



i 50(x) 



(3.24) 
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3.3.2 Spatial translations 

Let a° = 0, a = br, A = 1. Then A = V^a^, A has the form (|3T7|) . Eg .( ^131) takes the form 



Therefore, 



d-x.dkd){^)- 



1 5 



i 50(x) 



(3.25) 



3.3.3 Evolution transformation 



Let a° = — r, a = 0, A = 1. Then A is a classical Hamiltonian, eg. ( |3.13| ) takes the form ( |1.6| ). H takes 
the form 

1 52 1 ^, , , 1. 



H = 



(3.26) 



3.3.4 The n-boost 

Let a = 0, A = A^n have the form (|0|), so that 9kQ = —n^ = —Ook- Then A = n^M^^, A has the form 
( |3.20|) , so that eg. (|3.13| ) takes the form: 



if = / dx.n X 



Therefore, 



^ ^^^^^^^^^ + "^^^^^^ + \y"i^M) 



ildsm ^ ^^^^^^^^^ ^ ^^^^^ ^^"(^(x))0^(x) 



(3.27) 



Note that the divergences in these operators are to be eliminated by adding c-number guantities to 
them. 



3.3.5 Properties of infinitesimal transformations 

For operators 



- 



^ fcO 



M =M'^' + i5Z% P =P'^ + iS'^, P =H'^ + i6H, M =3^ + 15% 
the commutation relations of the Poincare algebra 

[P ,P ] = 0; [M ,P ]=i{g^''P -g'^'P ) 

[M^^, M^-] = -li^g^PM^"" - g^'PM^" + ^'^"M^'' - g^^M^'P). (3.28) 

should be satisfied (eg.( |A.ll| )). The formal check of these relations is straightforward. However, the 
functional representation is ill-defined, so that one should use the Fock representations and perform a 
renormalization. 

Find a relationship between operators H{A : X) and H{A : X) being generators of representation 
Ua^A in Fock and Schrodinger pictures. Let (?(r) be a curve on the Poincare group with tangent vector 
A. Eg.(p^ implies 

U,ir)[X] = v^^^^^xU,ax]v^\ 

Differentiating this relation by r at r = 0, we find 



-iH{A : X) = 6[A]VxVx^ - iVxH{A : X)Vx^ . 
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Therefore, 

H{A : X) - i6[A] = Vx\H{A : X) - i6[A])Vx. 

We see that operators 

H{A : X) = H{A : X) - t5[A] = -i^^,„M'™ + b'^P'' + eomB"" - b'^H 

with 

po = Vx\H"' + iSh)Vx, M'^" = Vx\B'' + tS'l,)Vx 

formally obey commutation relations ( p.28| ). However, the divergences and renormalization problem 
should be taken into account. 



3.4 Poincare transformations in the Fock representation 

The purpose of this subsection is to construct Poincare transformations Ua^\{ua^\X ^ X) in the Fock 
space. First of all, we calculate the explicit form of generators. Then we will renormalize the obtained 
expressions and check the conditions of Appendix A. Then we will construct operators Ua,K and check 
the group property. 

First of all, investigate some properties of the operator Vx- 



3.4.1 Some properties of the operator V 

Remind that the operator V taking the Fock space vector E T to the functional /[</>(■)] is defined 
from the relation 

(3.29) 



(3.30) 



y : |0 >^ cexp[- / rfxdy7^(x,y)0(x)0(y)] 



and from formulas (12. 11) which can be rewritten as 



VA+{^)V-^ = ^+(x) ^ (f-l/27^*0 - f-i/2i^)(x), 
VA-{^)V-^ = ^-(x) ^ (f-V27^0 - f-V2i^)(x). 



|c| can be formally found from the normalization condition 

\c\'J D<l)\exp['- J rfxdy0(x)^(x,y)0(y)]|2 = 1 (3.31) 

The argument can be chosen to be arbitrary, for example, 

Argc = 0. (3.32) 

Proposition 3.3. The operator V is defined form the relations l\3. 2^) - ( \3.33[ ) uniquely. 
Namely, any element of the Fock space can be presented [41| via its components, vacuum state an 
creation operators as 

°° 1 /■ 

^ = E ^ / c?xi...cix„^„(xi, ...,x„)A+(xi)...v4+(x„)|0 > 

n \/n\ J 



n=0 



Specify Q 



°° 1 r 

V^ = Y.^ c/xi...dx,^„(xi, x„)^+(xi)...^+(x„)V|0 > . 



^The problem of divergence of the series is related with the problem of correctness of the functional Schrodinger 
representation. It is not investigated here 
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Since the operators ^^(x) satisfy usual canonical commutation relations and A (x)|0 >= 0, we 
obtain VA^{x.) = A^{^)V. 

The operator V depend on TZ. It is useful to find an explicit form of the operator V~^6V. 
Proposition 4.4. The following property is satisfied: 

A+[fV25f-i/2 + iT~y^n*T~^/^]A' + \Tr\5{n + n*)t~^] ^ ' 

The notations of the type A^BA^ are used for the operators like / (ix(iyyl+(x)i3(x, y)A^(y), where 
i3(x, y) is a kernel of the operator B. 

To check formula (|3.33| ), consider the variation of the formula if TZ is varied: 



[A^{^)-V-HV] = (fi/25f-i/2A±)(x) 
-^(f-V257^f-l/2^+)(x) + ^(f-V257^*f-l/2A-)(x) 



Therefore, formula (|3.33|) is correct up to an additive constant. To find it, note that 

SV\0 >= J cixc^y0(x)(5:^(x,y)0(y) + 6lnc]V\0 > . 



This relation and formula (|2.1| ) imply 



< 0\V-^5V\0 >= ^Tr{5nt-^) + Sine. 



It follows from the normalization conditions ( p.31D and ( |3.32D that c = (detty^^. Therefore, Sine 



lTrSTT-\ Thus, < 0\V~^SV\0 >= |Tr5(7^ + 7^*)^-l. Formula (|03D is checked 



3.4.2 Explicit forms of Poincare generators 

Proposition 3.4 allows us to find an explicit forms of Poincare generators. For the simplicity, we consider 
the case when the quadratic form TZ is invariant under spatial translations and rotations: 

^(x, y : = ^(L-i(x - a), L-\y - a) : X). (3.34) 

This property implies that 

[{x'di - 7^] = 5t/7^; [{x'di - x'dk); t'^'] = S'^.t'/'. (3.35) 
1. Spatial translations and rotations. 

Eqs. (|3.35| ), proposition 3.4 and relation ( p.l|) imply that formally 



= -iA+dkA- + iS'^p; M^' = -iA+ix'^di - x^dk)A- + iSfj. (3.36) 

These operators do not contain any divergences. 
2. Time evolution. 

Proposition 3.4 and eqs.( |2.1| ) imply that the operator H{X) is also quadratic with respect to creation 
and annihilation operators, 

H{X) = iSn + -A-n~-{X)A~ + A+{u + n{X))A- + -A+H++(X)A+ + H. 

Here 7i^^(X) and 'H{X) are the following operators: 

1-L^+{X) = f-l/2[5^7^ - 7^7^ - (-a + + r'(<I>(x))]f-i/2; i-L—{x) = {n++)+; 

nix) = t-^'^{niz* + (-a + + ^"(^(x)) - \SH{ii + n*) + if^^f fi/2])f-i/2 _ ^ 
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while 

Cj — \/— A + w? 

is a (n, $)-indcpcndcnt sclf-adjoint operator. 
The divergent number H is formally equal to 

E ^\Tr^-^l''{iin* ^{-l^^m^ ^V'\^{^)) - ^(5^^(7^ + 7^*))f-^/']. (3.37) 
3. The n-boost 

For boost transformation, we obtain that 

B^{X) = i5% + \a-B^—{X)A- + A+{Lk + B^{X))A- + \a'^B^^^{X)A+ + W. 



Here 



while 



B^^^{X) = t-^/^[d^n - Ux'^n - {-d,x''d, + x^w? + a;'=y"($(x)))]f-V2; 

= t-'^/'^[nx^n* + {-dix^di + x'^m^ + x'=y"($(x))) - \5%{n + 7^*)+ 
i[5ffV2,fV2]]f-V2_L^, 



(3.38) 



is a boost generator in the free theory which is a self-adjoint operator. 
The divergent term is 

& = -Trf-l[7^a;^•7^* + {-diX^di + + a;^V"($(x))) - i4(7^ + 7^*)] (3.39) 
3.4.3 Check of algebraic conditions and renormaUzation 

Let us write down the requirements which are sufficient for satisfying the properties H1-H6 of the 
Appendix A. Since the Poincare generators are quadratic with respect to creation and annihilation 
operators, we will use the results of Appendix B. 
1. Let 

This is a bounded self-adjoint operator without zero eigenvalues. Therefore, = T^/"^ is a (non- 
bounded) self-adjoint operator and 

r = (:;V4(x2 + l)a;V2(x2 + 1)^1/4. 

By D C ^ we denote the domain {■^ e •^HlV'lir < oo}. 
Lemma 3.5. For self- adjoint operators 

■^k — Lk, Ad+k — —idk, -^2d+kd+i — —i{x^di — x''dk), A2d+d^+i — lo 
the following properties are satisfied: 1. \\T''^/'^AjT~^/^\\ < oo, \\AjT~^\\ < oo. 

2. ||rV2ei^i*T-i/2|| < c, ||re-^^^-*T-i|| <C,te [0,ti]. 

Proof. The first part of lemma is justified as follows. One should check that the following norms 
are finite: 

||a;-V4(x2 + l)-ia;-V4a;a;-V4(x2 + l)-^u;-y\ 

||c:;-i/4(x2 + l)-^LJ-^/''iux'iu-^/\x.^ + 
\\u;-^/\^^ + l)-'LO-^/\k^x' - A;^x^>-V4(x2 + l)-^uj-^/% 
||c2;-i/4(x2 + l)-id;-V4A;ia;-i/4(x2 + l)-ic2;-V4| |. 

||c:;c:;-i/4(x2 + i)-ia;-V4^-i/4(x2 + i)-ic:;-V4||. 

||c2;a;^a;-V4(x2 + l)-ic:;-i/4^-V4(x2 + l)-ia;-V4||. 

y'x^ - W>-V4(x2 + l)-la;-V4cD-V4(x2 + 1)-1^-1/4||. 

I pu-y^i^^ + l)-i(:;-V4^-i/4(x2 + l)-^u;-^/% 
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where y = —id/dxK This statement is a corollary of the following lemma. 
Lemma 3.6. The operators 

are hounded if a <1. 

This lemma is a corollary of Lemma C.29 of Appendix C. 

To prove the second statement of lemma 3.5, represent it in the following form: 

||giA,tyi/2g-»A,ty-i/2|| ^ ||T//2(i)2--i/2|| < (J. \\Tj{t)T-^\ \ < C. (3.40) 

It is necessary to investigate the Poincare transformation properties of the operators x^ and . 
Lemma 3.7. The following relations are satisfied: 



^iilit^l^—iujt _ _j_ k^(2}~^f ^iuitj^l^—iilit _ 1^1. 

^z/c CL It ^ tic (X j I • ^ ^ ^ 1>Ic CL / • 

giLV^Zg-iLir ^ ^ > 2; e*-^'^^^e-^^'^ = A;^ cosh r - cI; sinh r. 
r/ie operators X\t) = q^^^Tx^q-^l^-t have the following Weyl symbols: 

vi 1 va a , /c^sinhrx^ 

A = — — — X , X = X + 



cuk cosh r — fc^ sinh r ' tukcoshr — A;^ sinhr 

To check the properties, it is sufficient to show that they are satisfied at r = and show that the 
derivatives of left-hand and right-hand sides of these relations coincide. 

Making use of commutation relations = i-§^{k) and result of lemma 3.6, we find that 

operators ( p.40|) are bounded uniformly with respect to t e [0,ti]. Lemma 3.5 is proved. 



Let the following conditions on TZ be imposed. 

Let h{a) be an arbitrary smooth curve on the Poincare group. 

PI, The property ^3. 34 ) is satisfied. 

P2. The a-dependent operator functions TB^^^{uh{a)X) and TTi^^ {uh(a)X) are continuous in the 
Hilhert- Schmidt topology \ \ ■ \ \2- 

P3. The a-dependent operator functions B^'^^ {uh{a)X) and Ti^^ {uh(a)X) are continuously differen- 
tiable with respect to a in the Hilhert- Schmidt topology. 

P4. The a-dependent 

operator functions B\uhia)X), n{u^^)X), TB\u^^)X)T-\ T"^B\uhia)X)T-^'\ TrL{uhia)X)T-\ 
T^/'^l-L{uh(a)X)T~^/'^ are strongly continuous. 

P5. The a-dependent operator functions T-^l'^rL{uh(a)X)T-^/^ , T-^''^B''{uh{a)X)T-^/^ , 
'H{uh{a)X)T^^ , B^{uh{a)X)T^^ are continuously differentiable with respect to a in the operator norm 
II ■ II topology. 

P6. The functions H{uh{a)X) and B^{uh{a)X) are continuous. 

Lemma 3.6. Let the properties P1-P6 he satisfied. Then properties HI, H2, H4-H6 are also satisfied. 

Proof. Property HI is a corollary of estimations performed in lemmas B.l, B.2, B.3 of Appendix 
B. Property H4 is a corollary of theorem B.15. Properties H2 and H5 are obtained from lemma B.4. 
Making use of the results of lemmas B.l, B.2, B.3 and property H^/^j^E' — ^||f ^t^o obtained in 
theorem B.15, we find that property H6 is satisfied. Lemma is proved. 

2. Let us check the commutation relations ( [A.9[ ), i.e. property H3. Note that the divergences arise 
in terms B'^ and H only, so that we suppose them to be arbitrary and then find the conditions that 
provide Poincare invariance. 
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Let 

Hk = ^A+nt^A+ + A+n+-A- + ^A-n—A- +Th + i5k 

be arbitrary quadratic Hamiltonians. Then the property [Hi,H-2\ = H3 under condition [z5i,z52] = ^^3 
means that 

7^++ = -t[n+-n^+ + nt+{nt-y - nt+int-y - n^'ni^] + 6int^ - 62nt+. (3.41) 

nt = -i{nt^{Ht^r - Ht^{Ht+r + [Ht-; [nt-y]} + 5{Ht^ - d^nt, (3.42) 

h; = -'-Tr[nt+{nt^y - nt^int+y] + 5jr2 - s^hi. (3.43) 



Relations (|^, (gH), ( gH are treated in sense of bihnear forms on D{T). 



Consider now the commutation relations. 

1. The relations 

[P^ P'] = 0, [M'", P'] = i{g'^'P^ - g^'P"^] 
are satisfied automatically since 

[dk, di] = 0, -[x'dm - x^d,, d,\ = 9"^% - g'^d^. 

2. The relation 

is also satisfied. 

3. For the relation 

[p^ p°] = 

eqs ( lOTD - ( p:43D takes the form 

- = 0, 4?^+- - 7^+-] = 0, (3.44) 

6lJl = 0. (3.45) 



4. For the relation 



[M'^', pO] = 0, 



eqs. (|3.41|) - ( |3.43|) are written as 



- [x'^di - x^dk, = 0; Sl^n^- - [x'^di - x^dk] n+^] = 0; (3.46) 

5''^H = 0. (3.47) 

5. Consider the relation 

[M'^o, P'] = -tg'^'P'^. 

We write eqs. (|3:4l|) - (|^ as follows: 



[ds, - 6'pB^++ = -g'^'H^^, [ds, B''^-] - 5'pB^+- = -g'^'H^-, (3.48) 

= g'^'H. (3.49) 

6. The commutation relation 
is equivalent to 

[x^dm - x"'di] B^++] - 5%'B^++ = g^^B"'++ - 
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7. The most nontrivial commutation relations are 

They can be rewritten as follows: 

= -i{B''+-'H++ + 'H++{B^+-y - B^++{n+-)* - n+-{B''++)} + 471:++ - 6h13''+^ 



= --Tr[n++{B 



and 



= -i{B^+-B'++ + - ^^•++(^'+-)* - + 5%&++ - 5'bB''+' 

i{x^di - x^dk) = -i{B^++B''++ - B''++{B^++y + [B''+~; B^+~]} + - 



(3.50) 
(3.51) 



(3.52) 
(3.53) 

(3.54) 



= -^Tr[i3'++(i3^++)* - i3'=++(i3'++) 



+ 6%B^ - 5'bB 



(3.55) 



3. Properties ( p.44[ ), (|3.46| ), ( p.48| ), ( p.50| ) are obvious corollaries of relations ( p. 351 ). Properties 
(|3.52|) and ( p.54| ) are checked by nontrivial but also direct computations. 

To justify the properties ( p.45| ), ( p. 47] ), ( p.49| ), ( p.51| ), ( |3.53| ), ( |3.55| ), let us extract divergences from 
H and B^. Notice that formally 



with 



reg 



]Tr[n++ + n- 

4 ^ 



5^ = BKeg + -Trx'T 



4 



uk 



-rr[i3^++ + B^- 
4 ^ 



(3.56) 



Expressions ( |3.56D are well-defined if we impose the following additional condition. 

P7. The operators B^^^ andTi^^ are of the trace class and TrB^^^{uh{a)X) and TrH^^ {uh[a)X) 
are continuous functions of a. 

To perform a renormalization of the semiclassical theory, one should substitute the divergent terms 
TrT and Trx'^T by finite terms which will be denoted as Tr^jP and Trjix^T, 



4 



H = Hreg + -TtrT, 



B^ = BKeg + -^TrRX^'t. 



Relations ( p.45| ), ( p.47| ), ( p.49| ), ( p.51| ), ( |3.53| ), ( |3.55| ) are straightforwardly checked under the following 
condition. 

P8. The quantities Tr^T and Ttrx^T obey the following properties: 

S^Trnt = 0; SUTrnt = 0; 
6fTrjix''t = -5^^TrRt] ^UTrRX^t = d^^TrRx'^t - d'^'^TrRX^t; 
Tr[x'(5f f - Ax'^t - Yx'^A) - a;^(5f f - Ax^t - tx^A)] + 6fTrRx''t - S^TrRX^t = 0; 
Tr[x^{6^t -At- TA.) - ((5f f - Ax^t - tx^A)] + SfTrRp - 5^TrRX^t = 0, 

where A = \{Jl + 1Z*). 

Note also that property P6 can be substituted by the following property. 
P9. The functions TrRV{uh{a)X) and Tr rx^V {uh{a)X) are continuous. 

Thus, we have formulated the conditions of invariance of the semiclassical field theory under Poincare 
algebra. 



16 



3.5 Construction of Poincare transformations 

Let us construct now the operators Ua,k- 

1. First of all, consider the case of spatial rotations, a = 0, A = L. Denote Uq^l = Vl for this case. 
Let L{t) = exp(|6'sm/^™'). Then the operator Vl(t-) transforms the initial condition for the equation 

= '-OsmA+ix^dm - x^ds)A-^\ E V (3.57) 

to the solution. The operator Vl(t) is uniquely defined from the relations 

Vi|0>=|0>, VLv4±(x)Vi^ = A^(Lx). (3.58) 

The group property for operators Vl is obviously satisfied. 

2. Let (a. A) is an x^-boost: a = 0, A = A,- has the form ( p.l|) . Then the operator [/q.At = takes 
the initial condition for the Cauchy problem for the equation 

= B\S\^^,W)<I/^ (3.59) 

to the solution of this Cauchy problem. Here S"^, LI"^ are obtained from system ( ^3.211 ). 

3. Let L be such a rotation that Lei = ^i- Then there exists a matrix smooth function L{t) such 
that L(0) = 1, L(l) = L, L{t)ei = ei. One has L{t) AtrL{r)^^ A^^^ = 1 for all r G R, so that condition 
([A.17| ) of lemma A. 8 is satisfied. Therefore, 

WrVL = VlW^, (3.60) 

provided that Lei = ^i. 

4. Let |n| = 1, Ln be such a spatial rotation that Ly^n = ei. Introduce the operator W^^ as follows, 

W^0n = Vl'W^^l- (3.61) 
It corresponds to the Lorentz transformation 

A^n = -^n A(^Ln. 

Show that definition ( p.61|) is correct. Let L^^n = ei, L^^n = ei. One has L^'^ (L^^)^^ei = ei, so that 
formula ( p. 60] ) implies that 

Note that the following property is satisfied. 
Let L be a spatial rotation. Then 

L^$L-' = A^, ^lW^-^I' = W^$, (3.62) 

Namely, let L^ be such a rotation that L^n = ei, where n = 0/||0||. Then 

LA^L-' = LL^'A^L^L-' = A^^, 

5. Let A be an arbitrary Lorentz transformation. Lemma 3.1 implies that it can be uniquely 
decomposed as follows, A = A^L. Set 

Ua = W^Vl. (3.63) 

Let us check the group property. Let 

Ai = A^^Li, A2 = A^,L2 
17 



be Lorentz transformations. Then 

A1A2 = kf^k^^f,LiL2 = A^-^(^^^^^^^,)L(0i,Li4)LiL2, 

where 03 and L are defined from the construction of proof of lemma 3.1. One should check that 
i.e. 

WfWf,, = W^,^3(^^.0.)^L(^^.^^.)' (3-64) 

where 02 = -^i02) 

^$A$. = H.i$a.)L^^^^^^) (3-65) 

Consider the functions a0i and a02 instead of fixed vectors 0i and 02. Then 

A r A r A^^, ,L(a0i, a02)"^ = 1 (3.66) 
SO that we can apply the result of lemma A8: 



Thus, eq. (|3.64| ) is satisfied. We have checked the group property for the Lorentz transformations. 

6. Consider the spatial translations, a° = 0, A = 1, a 7^ 0. Then the operator f/o,a,i takes the initial 
condition for the equation 

i^^ = a^A+(-i9fc)A-^", eV (3.67) 

to the solution of this equation at r = 1. Thus, the operator f/o,a,i is uniquely defined from the relations 

f/o,a,i|0 >= |0 >, [/o;iiv4=^(x)f/o,a,i = ^^(x + a). (3.68) 

7. For the evolution transformation, a° = — t, a = 0, A = 1, the operator ?7-t,o,i takes the initial 
condition for the equation 

i^^ = H{S\ $*, n*)^*, ^* G P (3.69) 

to the solution of the Cauchy problem. Here S'*, $*, 11* obey system ( [L.4|) , ( pTSl) . 

8. Consider an arbitrary space-time translation (a, 1). Set 

U{a,l) = t^aO,0,lf^O,a,l- (3.70) 

The group property is a corollary of the relation 

,Ta,l ,Ta,l 

which is correct because of lemma A. 8. 

9. Consider an arbitrary Poincare transformation (a. A). Set 

U{a,A) = f^(a,l)f^{0,A)- (3-71) 

One should check the group property 

^(ai+Aia2,AiA2) = f^(ai,Ai)f^{a2,A2) 

or 

^(ai,l)^(Aia2,l)^(0,Ai)t^(0,A2) = f^(ai,l)f^(0,Ai)^(a2,l)f^(0,A2) 
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since the group properties for translations and Lorentz transformations have been already checked. We 
see that it is sufficient to justify the property 

U(Aa,l) = f/(0,A)f/(a,l)f^(0,A) (3-72) 

Since the operator f/(o,A) was defined as 

f/(0,A) = Vl.W^Vl, 
if A = L1A0L2, where Li, L2 are rotations, while 

U(a,l) = f^(aO,0,l)^(0,a,l), 

it is sufficient to check eg . (13 .721) for the following cases: 

1. a° = 0, A = L; 

2. a = 0, A = L, 

3. a° = 0, A = A^; 

4. a = 0, A = A^. 

Lemma A. 8 imply all these properties. 

Therefore, we have proved the following statement. 

Theorem 3.6. Let conditions H1-H5, H7-H9 be satisfied. Then the operators U(^a,k){ua,kX ^ 
X) defined by eqs. ( \3. 71\ ), ( \3. 7C\ ), ( \3. ddj) are unitary and satisfy the group property. 



3.6 Choice of the operator TZ 

Let us choose operator TZ in order to satisfy properties P1-P5, P7. We will use the notions of Appendix 
C (subsection C.5). First, we construct such an asymptotic expansion of a Weyl symbol TZ^ that for 

K = 'Kn 

deg[5^Bn -n*x' *n- X Vfc + V'i'^i^)))] > max{rf/2, d - 1}; , . 

deg[5HK - S * S - (c^I + V"{^{^)))] > max{d/2, d - 1}. ^ > 

Next, we will construct another asymptotic expansion of a Weyl symbol TZ which obeys the condition 
IrnK > and approximately equals to ]Zj^ at large \k\, so that eqs.( |3.73|) are satisfied. 
This will imply that properties P1-P5, P7 are satisfied. 

Let us define the expansions TZ^ with the help of the following recursive relations. Set 

Ko = i^k, 

5„ = -ShK^ +Kn*Kn + V'm^)); (3.74) 

Lemma 3.9. The following relation is satisfied: 

degS_n = n. 



Proof. For n = 0, iSq = V^"($(x)), so that statement of lemma is satisfied. Suppose that statement 
of lemma is justified for n < N. Check it for n = N. One has 

sSat = ^^-1 +Kn * [7, ^N-lj + [7, ^N-lj * Kn + [7, ^N-lj * [7, ^A^-l ) - 7^ 

\2uJk J \2uJk / \2^k / V/cc'fc / 2uJk 
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Since 



and 



deg 



> degSN_i + 1 = N 



up to terms of the degree N, one finds 

degS_^ = N. 

Lemma 3.9 is proved. 
Denote 

Lemma 3.10. The following property is obeyed: 



(3.75) 



Proof. Denote 
One has 

\/"($(x)) - {ul + l^"(<f (x)) * x^] *S„ +Sn * [x\u:l + r'($(x)) - * _^ y"($(x))] 
It follows from the definition of the Weyl symbol that 



One also has 
Thus, 



a;^*/(x,fc) = (x' + ^^)/(a;,A;) 



(5^-x'5h)V^"($(x)) = 0. 



dTZ 



However, the property 



which means that eq.( 3.34 ) is satisfied is checked by induction. Lemma 3.10 is proved. 
Lemma 3.11. The following properties are satisfied: 

1. degJ^i = n. 

2. deg{X!^- x^S^) >n + l. 

Proof. It follows from the results of Appendix C that X}^ is an asymptotic expansion of a Weyl 
symbol. Let degX!;^ = a. 

Suppose that a < n. Then the left-hand side of eqs.( |3.75| ) is of the degree a, the degree of the right- 
hand side of eq.( p.75| ) is greater than or equal to a — 1. In the leading order in l/\k\ the right-hand 
side has the form one has (— 2ia;fcXj^) and its degree should be greater than or equal to a . Therefore, 
deg2^!n > + 1- We obtain a contradiction. 

Suppose a > n. Then the left-hand side of eq. (|3.75| ) is of the degree n, the right-hand side in the 
leading order in l/\k\ has the form 2iujkX^S_^. so that degS_^ should obey the inequality degS_n > n + 1. 
We also obtain a contradiction. 
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Thus, a = n. In the leading order in l/\k\ one has 

up to terms of the degree n, so that deg{2C^^ — > n + 1. Lemma 3.11 is proved. 

We see that for N > max{d/2, d — 1} the properties (|3.73| ) are satisfied. 

Lemma 3.12. Let 'RP''^ and 'RP'' he asymptotic expansions of Weyl symbols, deg'Ej'^^ = deg'E}'^^ = 
-1 and deg{n^^^ - TZ^^^) = N + l. Then 

degiX^'^' - X^^^') = N 

and 

deg{S^'^ - S^^^) = N. 



Proof. Denote TZ^^^ - TZ'^^^ = D. Then 

_ 2^{2)i ^ ^(1) *x'*Z2 + iZ*a^'* K^^^ +D*D*x^*D. 

We see that deg{Xp^^^ — X*-^-") = A^. The second statement is checked analogously. Lemma 3.12 is 
proved. 

Let us construct such an asymptotic expansion IZ that deg(JZ — TZj^) = + 1 and ImTZ > 0. We 
will look for TZ as follows (cf. [P^]), 

]Z = A + ii^l^^ * exp B * ujI^^ * exp B * ool^"^, 
where A and B are real asymptotic expansions. Then 

rV! = u;^/%exp^*u;^/^ 
= ujl^'^ * exp{-B) * 

are also asymptotic expansions of Weyl symbols. Choose A and B_ to be polynomials, 

— Z-^ , ,2s ' — Z-^ , ,2s ' 



5 = 1 5 = 1 



where Si = [N/2], S2 = [ 

Lemma 3.13. There exists unique functions A\, As^, B\, Bs^ such that deg(JZ — lZj^) 
N +1. 

Proof. It follows from recursive relations ( |3.74| ) that 

nehCjq — 2^s=i ZF= ) 

ImKN - t^k + l^s=l • 

Therefore, Ag = A^^g, so that A is uniquely defined. Denote 

Bs{x,k/ujk) 



Bs 



^k 



Show that Bs_ is uniquely defined. In the leading order in l/|k|, one has 

ImTZ ~ c<Jk + 2BiUJk, 

so that Bi = Cn,i/2. Suppose that one can choose Bi, Bs-i in such a way that the degree of the 
asymptotic expansion of a Weyl symbol 

Fjv,<j = ImTZ^ - Lol/^ * exp(^ + ... + Bg-i ) * ool/'^ * exp(^ + ... + ^5-1 ) * uj^/^ 
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satisfies the inequality 

degF^^s > 2s - 1. 
Choose Bs in such a way that degF_^ ^ >2s — 1. One has 



1/4 ^{B^ + .-. + Bs^l+BsY^ 1/2 - (Si + ...+S,_l + i3,)'^ 1/4 

Up to terms of the degree 2s + 1, one has 

77 T T> 1/4 /v-oo , J3 s 1/2 /^oo , 1/4 

Z7V,.+1 ^ ^"^E:JV - < * (E^^=o ~ + ^) * ^k * (E^=o ~ + ^) * ^k 

Since 



, 1 ^ Fjv,,Xx, k/cuu) 

-Af,s - , ,2^-1 2^ , J 

^k 1=0 '^k 



one finds that 

1 



is uniquely defined. Lemma 3.13 is proved. 

Thus, we have constructed the operator 71 such that properties ( p.73| ) are satisfied. We obtain the 
following theorem. 

Theorem 3.14. Properties P1-P5, P7 are satisfied. 

This theorem is a direct corollary of the results of Appendix C. Property PI is satisfied because of 
construction of the operator TZ. Properties P2-P5, P7 are corollaries of Theorems C.31, C.32, C.33, 
properties (|3.73|) and lemmas C.8, C.9, C.19. 



3.7 Regular izat ion and renormalization of a trace 

The purpose of this subsection is to specify functionals Tr^T and Ttrx^T of arguments $, 11 in order 
to satisfy properties P8,P9. We want the renormalized trace to satisfy properties like these: 

(i) Tr^A = TrA if A is of the trace class; 

(ii) TmiA + XB) = TmA + XTtrB- 

(iii) TrR[A-B]=Q- 

(iv) TrnAr, if A„ ^ 

for such class of operators that is as wide as possible. Under these conditions, properties P8 and P9 
are satisfied. However, one cannot specify such a renormalized trace. Namely, one should have 

Tr^[%;>V(%(x))]=0, (3.76) 
^k 

where / G S'(R'^). >V(A) is a Weyl quantization of the function A (see appendix C). Property (|3.76| ) 
means that 

Therefore, 

5,,Tr«>V(^) - /rr«W(^/(x)) = 0. (3.77) 
^k ^k 

Choose / = d. Consider i = j m eq.( |3.77D and perform the summation over i. Making use of the relation 

cu^ — kiki = m^, we find 

Tr^>V(m2a;^'^-V(x)) = 0. 
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However, the operator with Weyl symbol m? of the trace class. Its trace is nonzero, provided 

that Jd^ifix) 0. 

However, we can introduce a notion of a trace for asymptotic expansions of Weyl symbols. The trace 
will be specified not only by operator but also by its asymptotic expansion which is not unique (see 
remark after definition C.6). 

Let A = {A, A) be asymptotic expansion of a Weyl symbol. Suppose that the coefficients Ai of the 
formal asymptotic expansion 

oo 

A = J2u;^''-'Aiix,k/u;^) 

1=0 

are polynomial in k/cuk. One formally has 

TtrA = X: / ^-^A(x, kM + / ^(^(x, k) - I: -^A,(x, kM). (3.78) 



For a + Iq + 1 > d, the last integral in the right-hand side of eq. (|3.78|) converges. To specify trace, it is 
sufficient then to specify values of integrals 



"■11. ..i„ 



dk ki-^ ki^ 



(3.79) 



for s < d which are divergent. We will define the quantities ( |3.79| ), making use of the following 
argumentation. 

1. We are going to specify to specify trace in such a way that 



(3.80) 



Let 



~ U^^^ CJk " t^k 



property ( p.80|) implies the following recursive relations 



n+l 



EC TS,n / I \ jS,n+2 

"''js'^jl-js-ljs + l-jn + l ~ + '^j-'^il...J■„+l• 



S=l 



(3.81) 



Therefore, J*'" = for odd n, while for even n is defined from eqs.( |3.8l" ), for example, I^f = -SaP'^. 
Therefore, it is sufficient to define integrals 



rsfl 



dkio^". 



(3.82) 



Let us use the approach based on the dimensional regularization ^ . It is based on considering 
integrals ( |3.82| ) at arbitrary dimensionality of space-time. Expression ( |3.82D appears to be a meromor- 
phic function of d. Substracting the poles corresponding to sufficiently small positive integer values of 
d, we obtain a finite expression. 

Formally, one has 



rs,0 



T{s/2) Jo 



daa'^^-' / rfke-"('''+'"') 



TT 



d/2 Y 



' s—d\ 



T{s/2) m 



s—d 



s—d 
2 

One finds: 



If ^-g- = — is a nonpositive integer number, one should modify the definition of P' . Change d d—2e. 



7r''/2(-l)^ 
r(s/2)ms-''7V!£ 



Ts,0 ^ r(l+£)(7rm2)-^ 
r(s/2)m^-'* {-N+e)...{-l+e)e 

[1 + e{-ln{7vm^) + r'(l) + 1 + ... + A^-^)) + 0{e). 
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In the MS renormalization scheme [Ell, one should omit the term Oie There is also an MS 



renormalization scheme in which one omits also a fixed term of order 0(1). Let us omit the term 
—ln{Tim?) + r'(l). We obtain the following renormalized value of the integral: 



rs,0 



vr 



d/2 



(-1) 



N 



r(s/2)m«-^ N\ 



:i + ... + l/iV), 



provided that = ^-j^ is a nonnegative integer number. 

Therefore, we have defined the renormalized trace of an asymptotic expansion of a Weyl symbol by 
formaula ( |3.78| ), provided that the coefficient functions are polynomials in k/cuk. 

Let us investigate properties of the renormalized trace. Some properties are direct corollaries of 
definition ( PTSQ . 

Lemma 3.15. The following properties are satisfied: 

(i) TrR{A + \B) = 0;^ 

(ii) Let E - lim„_ooi4„ = A. Then lim„^oo TtrA^ = TtrA. 
(iv) Let degA > d. Then Tr^A = TrA. 

Corollary. The property AP9 is satisfied. 

Let us check that TrR[A * B_ — B_* A) = 0. First of all, prove the following statement. 
Lemma 3.16. Tr^A *B = Tr^AB. 
Proof. Making use of eq.( |(J.8D , we find 

(A*5)(x,k)-(AS)(x,k) = 
/ '^^(gj/^^ /o da£[Ai^ + yi; k + )5(x + y,, k, - a^)]e-P^y-^P^y^ = 



i / ^P^SJi'^^^ Jo da ^A(x + yi; k + «f )^i?(x + y^, - a 



pi- 

2 ' 



^A(x + yi; k + )^5(x + y^, k^ - af] 



-«piyi-«P2y2 



i ac'(x,k) 
'2 dki 



with 



One also has 



with 



C»(x, k) = / -^Pi^P^^yirfy^ ji ^^(^ + yi; k + «f )^i?(x + y^, k^ - af) 



5(x + y2, k2 - a£A{^ + yi; k + af)f] 



-«piyi-«P2y2 



A*B -AB 



i d0 



2 dki 



C'-'Xx, k) — E«i«2>0;/i+i2=s Yih\¥2l^.h+l2+l 

dh+hB d 



dkh...dk'hdxh...dx^h dx^ dkh ...dk'h dxh ...dx'h 



dkh...dk^hdxh...dx'h dx^ dkh ...dk'h dxn ...dx^h ' 



Analogously to Appendix C, one finds that (C-', C^) = CP is an asymptotic expansion of a Weyl symbol. 
It follows from lemma 3.15 that Ttr^j- = 0. We obtain statement of lemma 3.16. 

Lemma 3.17. For degB_ > 2, Tr^x'^tUk * B_ = TrRX^^uj^B^ and TrRUj\^ * B_ = TrRU]^B_. 

The proof is analogous. 

Corollary 1. The following relations are satisfied: 

1. Ttr^A* B- B* A) = 0; 

2. TrRix'^uj-k *B-B* x'^cjk) = 0; 

3. TtrIuj^ *B-B*uj-i,) = 0. 



Corollary 2. Property P8 is satisfied. 
Thus, we have constructed functional Ttrx^V 
P8 and P9 are satisfied. 



TrRX^T_ and TtrT = Tr^jF such that properties 
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Note that the "finite renormahzation" can be also be made. One can add quantities ATr^x^T 
and ATr^jF to renormahzed traces in such a way that 

5f ATr^f = 0; ATr^f = 0; 

SfATrRx'^t = -S'^^ATrnt; 6^ATrRx''t = S^^ATtrx'^V - (5"^*^ATr^x'f; 

5fATrRX^V - S^ATrRX^t = 0; 
SfATrRT - b^ATvRX^Y = 0. 

This corresponds to the possibihty of adding the finite one-loop counterterm to the Lagrangian. 

4 Semiclassical field 

An important feature of QFT is a notion of field. In this section we introduce the notion of a semiclassical 
field and check its Poincare invariance. 

4.1 Definition of semiclassical field 

First of all, introduce the notion of a semiclassical field 0(x, t : X) in the functional Schrodinger 
representation. At t = 0, this is the operator of multiplication by 0(x). For arbitrary t, one has 

0(x,t : X) = U-t{X ^ UtX)(P{-K)Ut{utX <- X), 

where Ut{utX X) is the operator transforming the initial condition for the Cauchy problem for 
eg. (p.. 61) to the solution to the Cauchy problem. 



The field operator in the Fock representation is related with by the transformation 

0(x,t:X) = y^i0(x,t:X)\/x. 

Making use of eq. (|3.4| ), one finds 

0(x, t:X) = ([/l,(X))-i0(x, UtX)U\,{X) (4.1) 

Here (^(x : X) = i{T^^/^{A+ - A-))(x), while 

U'h{X) = UaAua,AX <- X), A = 1, a = 0, a° = -t. 

Let us define mathematically as an operator distribution. 

Let 5'(R'^) be a space of complex smooth functions u : R'' — > C such that 

Qai+...+ad 

\\u\\i^m = max sup (1 + Ixl)""!— — — . J ^^^oo 0. 
Q:i+...+ad<«xeRd 9a:"i...(9x°dM(x) 



We say that the sequence {uk} G ^(R"), A; = 1, oo tends to zero if H-UfcHi^m ^k^oo for all l,m. 

Definition 4.1. (cf.[^). 1. An operator distribution defined on V E J-" is a linear mapping 
taking functions f G S'(R'^) to the linear operator 0[/] : V J^, 

4>:fe Si^'') ^ 0[/] -.v^T, 

such that ||0[/J$|| ~^n^oo if fn -^n^oo 0. 

2. A sequence of operator distributions 0„ is called convergent to the operator distribtion if 

\\Mm-4>[m\\^n^ooO 

for all^eV, f e 5(R^). 
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We will write 

Consider the mapping f ^ (f>t{f}, f & S(Il'^) of the form 



{f--X} = J rfx0(x,t:X)/(x). 



Lemma 4.1. (pt is an operator distribution being continous with respect to t. 
Proof. One has 

4>t{f ■■ X] = {K{x)rH J rfx(A+(x)(f-i/V)(x) - A-(x)(f-i/V)(x))f/l,(x). 

It follows from lemma B.3 and theorem B.15 that this operator distribution is defined on 

r> = {^Gj^| ||^||^<oo} 

and continous with respect to t. Lemma 4.1 is proved. 

Consider the mapping / 4>[f], f G S'(R'^'*'^) of the foem 



0[/:X]= ldtMf{;t):X}. 



Lemma 4.2. is an operator distribution. 
The proof is analogous to lemma 4.1. 

4.2 Poincare invar iance of the semiclassical field 
4.2.1 Algebraic properties 

To check the property of Poincare invariance, notice that it is sufficient to check it for partial cases: 
spatial translations, rotations, evolution, boost, since any Poincare transformation can be presented 
as a composition of these transformations. Let 5'b(t) = (a(r),A(r)) be a one-parametric subgroup 
of Poincare group corresponding to the element B of the Poincare algebra. The Poincare invariance 
property can be rewritten as 



: X] = (t/^(X))+0K(.)F : [/,,(.)X][/^[X], (4.2) 
where 

iVgB{r)f)ix) = fi^'\r){x - a(r))). 

Obviously, Vg^Vg^ = Vg^g^. 

Let us check relation ( [4.2|) . It is convenient to reduce the group property to an algebraic property. 
The formal derivative with respect to r of the right-hand side of eq. (^^ ) is 



([/g'^"(X))+{^[i/(5 : Ug,^r)Xy, : «,,mX]] + ^0Km/ : «,,(.)X]}f/5(X) (4.3) 



If the quantity ( [4.3|) vanishes, the property (|4.2| ) will be satisfied since it is obeyed at r = 0. Making use 



of the group property (^^(r + ^r) = gB{ST)gB{T), we find that vanishing of expression ([4.3|) is equivalent 
to the property: 

^|r=o0Kw/ ■■ ^aBir)X] - ^m : X]; H{B : X)] = 0. (4.4) 

We obtain the following lemma. 

Lemma 4.3. Let the bilinear form i\4-4i ) vanish on T>. Then the property l \4-^ ) is satisfied on V. 
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Proof. Consider the matrix element 

where \l/2 G V. Show it to be differentiable with respect to r. Let us use an auxihary lemma. 

Lemma 4.4. Let \E' G "D. Then the vector (j)[vgg[r)f '■ '^gBir)-^]'^ ^■^ strongly continously differentiable 
with respect to t. 

Proof. One has: 



'[^9B(r)/-'"gB(.?^)gi3(r)-yl-'/'Kfl(r)/:"gfl(r)^], 



The first term tends to (l)[-§^\t=oVgg(t)Vgg(T)f '■ Ugg(^r)X]'^ because of estimations of lemma B.3. The 
second term tends to : Ugg(^r)X]'i! because of construction of operator F^^/^ and formula 

( [A.15| ) of Appendix A. Lemma 4.4 is proved. 



To prove lemma 4.3, notice that 



+((f/^+^^(x) - uux))^^AK,ir)f ■■ Ug,^r)X]uux'm. 



This quantity tends as 5r — to the matrix element of the bilinear form ( |4.3| ) and vanishes under 
condition (|4.4| ). Lemma 4.3 is proved. 



4.2.2 Check of invariance 



One should check property ( [4.2|) for spatial translations and rotations, evolution and boost transforma- 
tions. 



For spatial translations and rotations, property (|4.2| ) reads: 

0(x, t : X) = U^l ^0(Lx + a, t : Mo,a,LX)t/o,a,L (4.5) 



It follows from commutativity of ?7o,a,L and \Jt and eqs. (|3.68|) , (|3.58|) , (|3.34|) that property (^75|) is 
satisfied. 

For evolution operator, property ( |4.2|) is rewritten as: 



(x, t:X) = (f/^(X))-i<^(x, t-r: UrX)UJ,{X) (4.6) 



Relation (f4.6|) is a direct corollary of definition ( |4.1| ) and group property for evolution operators 



Consider now the n-boost transformation. Check property (|4.4| ). It can be presented as 

[B^- 0(x, t- X)] = -z(x'=- + t^)0(x, t : X) 

or 

[B\X)- (f/|,(X))-V(x : UtX)U\j{X)] + z5|{([/|,(X))-V(x : u,X)U\,{X)} = 

-^i^'M+ti.){Uh{X))-'<P{^ : u,X)Uh{X) ^^-^^ 



Let us make use of property (|A.13|) . For partial case it can be presented as 



or 



B'{X){Uj,{X)r' = .(^l,(X))-i(5|f/l,)(X)(f/l,(X))-i + {Uj,{X))-'[B'{u,X) - tP'^{u,X)] (4.8) 
Uj,{X)B'{X) = i{6M)iX) + [B'{u,X) - tP''{u,X)]Uj,{X). (4.9) 
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Making use of relations (|4.8| ), ( [4 .91) , we take relation (|4.7| ) to the form 
[B\Y) - P\Y)t- 0(x : Y)] = x'[H{Y)- 0(x : Y)] - 



where Y = UtX. The property 



is a corollary of relation (|3.35| ). The relation 



[B^{Y) - x^H{Y)- 0(x : r)] = 



is also checked by direct calculation. 

Thus, we have obtained the following result. 



Theorem 4.5. The invariance property {2J) is satisfied. 



5 Composed semiclassical states 

5.1 Semiclassical states in quantum mechanics 

The most famous semiclassical approach to quantum mechanics is the WKB-approach. It is the follow- 
ing. One investigates the behavior of solutions of semiclassical equation of the form 



it) 



= H,{x,-ie^)^t{x), t G R,x G R'^ (5.1) 

as £ ^ 0. Here the Weyl quantization is considered. The initial condition is chosen to be 

^Poix) = <^o(x)e^^«(^) (5.2) 

where 5*0 is a real function. The WKB-result is that the solution of eq. (lOp at time moment t has 
the same form (|5.2|) up to 0(e), 

provided that St{x) is a solution to the Cauchy problem for the Hamilton- Jacobi equation 

dS 

— + i7,(x,-) = 0, 

while V5t(x) obeys the transport equation 

d^pt ix) dHt , dSt s dipt ix) ^ d r dHt , dSt . , , . 

+ ^^^^ + 2 9^%^^' a^)^^'^^) = ° 

and initial condition ipo- 

However, we are not obliged to choose the initial condition for eq.( ^.l|) in a form ( ^.2|) . There are 
other substitutions to eq. (|5.1|) that conserve their forms under time evolution as e ^ 0. For example, 
the wave function 

Mx) = el^*e^^'(^-«')/,(^^) = {KI^,p,qMx), /, G SiR') (5.3) 

used in the Maslov complex- WKB theory |^, ^ also approximately satisfies eq. ( |5.1| ) if 

St = PtQt — Ht{Qt, Pt), Qt = 1^, —Pt = 1^, , , 

-if (f:\ = [11 9 d^H 1 a I 1 a'^H (c 1_9_ _|_ l_9_f ^ _|_ 1 d'^H c f 1 f \^-^) 
f'JtK'i) [2 i dii dPidPj idij 2 dQ^dPj^^^ i dij i dij'^^' 2 aQ,dQj^''^i\ J'^\^r 
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Therefore, for the initial condition Kg^p^Q^fo the solution for the Cauchy problem for eg. ([Ol) will be 
asymptotically equal to Kg^ p^ qjt up to terms of the order 0{\/e). 

The wave function (|5.2| ) rapidly oscillates with respect to all variables. The wave function ( |5.3| ) 
rapidly damps at x — Qt » 0{^/e). One should come to the conclusion that there exists a wave 
function asymptotically satisfying eq.( p.l| ) which oscillates with respect to one group of variables and 
damps with respect to other variables. The construction of such states is given in the Maslov theory of 
Lagrangian manifolds with comples germ |3^. Let a G R'^, (P(a), Q(a)) G R^'^ be a fc-dimensional 
surface in the 2(i-dimensional phase space, S{a) be a real function, /(a, ^), ^ G R'^ is a smooth function. 
Set iIj{x) to be not exponentially amall if and only if the distance between point x and surface Q{a) is 
of the order < 0{y/e). Otherwise, set ipi^) — 0. If miuo, \x — Q{(y)\ = \x — Q(c()\ = 0{y/e), set 



One can note that wave functions (|5.2|) and ( |5.3|) are partial cases of the wave function (|5.5|) . Namely, 
for = the manifold (-P(a), Qio) is a point, so that the functions ( [5.5| ) coincide with (|5.3|). Let k = n. 
If the surface (P(a), Q{c() is in the general position, for x in some domain one has x = Q{a) for some 
a. Therefore, 

= Qe^^(^)/(«,0). 

We obtain the WKB-wave function. Thus, WKB and wave-packet asymptotic formulas ( |5.2|) and ( |5.3| ) 
are partial cases of the wave function ( [5. 51 ) appeared in the theory of Lagrangian manifolds with complex 
germ. 

The lack of formula ( ^.5|) is that the dependence on a on x is implicit and too complicated. However, 
under certain conditions formula ( p.5| ) is invariant if a is shifted by a quantity of the order 0{y/e). In 
this case, the point a can be chosen in arbitrary way such that the distance of x and Q(a) is of the 
order 0{y/e). 

Namely, 

gi5(a+Vi/3)glP(a+Vi/3){x-Q(Q+Vi/3)) f ^-^ _^ x-Qja+VEp) ^ 

Q^PK^-gS--ial3Slf = f (5.8) 

To obtain eqs.(p.7[) and (|5.8| ), one should expand left-hand side of eq.(|5.(j|). Considering rapidly oscil- 
lating factors, we obtain eq.( ^.7| ). To obtain eq.( p.8| ), it is sufficient to consider the limit e — ^ 0. 

Conditions (|5.7|), ( |578| ) simplify the check that the wave function ( |5.5| ) approximately satisfies 



if 



eq.( p.l|) if the functions S,P,Q,f are time-dependent. They should satisfy eqs. (|5.4]) . One can show 
that conditions (|5.71 ), ( ^.8|) are invariant under time evolution. 

The form (|5.5|) of the semiclassical state appeared in the theory of Lagrangian manifolds with 
complex germ is not convenient for generalization to systems of infinite number of degrees of freedom. 
It is much more convenient to consider to consider wave function (|5.3|) as an "elementary" semiclassical 



state and wave function (|5.5| ) as a "composed" semiclassical state presented as a superposition of 



elementary semiclassical states: 

^(x) = CJ t/«ei^(")e^^(")(^-«("«<7(a, ^^^), (5.9) 

where g{a,C,) is a rapidly damping function as ,^ ^ cxd. Superpositions of such type were considered 
in [|^, the general case was investigated in The composed semiclassical states for the 

abstract semiclassical theory were studied in . 
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To show that expression (|5.9| ) is in agreement with formula ( ^.51) , notice that the wave function 
(5^) is exponentially small if the distance between x and the surface Q{a) is of order > 0{^/e). Let 
mina\x — Q{a)\ = 0{y/e) and \x — Q(a)\ = 0{^/e). Consider the substitution a = a + \fe(i. We find 

J yj £ 

If the condition ( [5. 7] ) is not satisfied, this is an integral of a rapidly oscillating function. It is expo- 
nentially small. Under condition (|5.7|) one can consider a limit e — > and obtain the expression (|5.5|) , 
provided that 

and 

■ n / dPm c dQm 1 d \ 

fia.O = /ci/3e*<W«"'-WT»5j)9(5,5) = 

Integral representation ( |5.9| ) simplifies substitution of the wave function to eq.( |5.1| ) and estimation of 
accuracy. Namely, the integrand entering to eq.( ^l9|) is an asymptotic solution to eq. (|5.1|) , provided that 
eqs, (1^) are satisfied. Using the linearity property, we obtain that the wave function ( p.9[ ) approximately 
satisfies eq.( |5.1| ) ||36[| . Properties (p^), (|5.1CI| ) are shown to be invariant under time evolution [p^ . 



It follows from eq.( [5.1UD that the function / is invariant under the following change of the function 
g ("gauge transformation"): 

^(a, ^ 9{a, + i^^^m - ^§^--^)Xs{a, 0- (5-11) 

OOtg OCXs ^ Oc,fn 

Thus, the semiclassical state is specified at fixed S'(a), -P(«), Q{oi) not by the function g but by the 
class of equivalence of functions g: two functions are equivalent if they are related by the transformation 



This fact can be also illustrated if we evaluate the inner product as e — > 0: 

-Q(c 



2 = C2/dad7/dxe-?^(")e-i^(")("-«(")^*(a, ^^^^^ 



The integral over x is not exponentially small if a — 7 = 0{^). After substitution 7 = 0; + I3y/e, 
X — Q{a) = ^y/e and considering the hmit e — > 0, we find 



C'.e'^ f da{g{a, ■), f[ 27rS{^U - f^-^)9i<y, ■))• (5.12) 
J oas oas I o^s 



The fc- dimensional surface {{S{a), P{a),Q{a))} ("isotropic manifols") in the extended phase 
space has the following physical meaning. Consider the average value of a semiclassical observable 
A{x, —ied/dx). As e — > 0, one has 



{i), A{x, -led/dx)^) ^ C^^^ / daA{Q{a), P{a)){g{a, ■), 
nti2-5(f^e™-l7f|7M"'-)). 

We see that only values of the corresponding classical observable on the surface {{Q{a), P{a))} are 
relevant for calculations fo average values as e — 0. This means that the Blokhintsev-Wigner density 
function (Weyl symbol of the density matrix) corresponding to the composed semiclassical state is 
proportional to the delta function on the manifold {{Q{a), P{a))}. 

Therefore, elementary semiclassical states describe evolution of a point particle, while composed 
semiclassical states (including WKB-states) describe evolution of the more complicated objects - 
isotropic manifolds. 
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5.2 Composed semiclassical states in quantum field theory 
5.2.1 Construction of semiclassical states 



Analogously to qunatum mechanical formula ( |5.9[ ), consider the superposition of the "elementary" 
quantum field semiclassical states (|1.3| ) of the form 



= J ^ei-(")ei"(--)[-Wv^-*(-'')l,(a, ^{.) - ^) (5.13) 

where a G R*^, S{a), n(a; x), $(a;; x) are smooth functions. Calculate (formally) the functional integral 
for {ip,ip): 

(^,^) = /|i^//)<^e-i^(")e-in(";^)[^W^-*(°''')]^*(a,(^(-) - ^) 
After substitution 7 = a + a/A/3, </?(■) = + </>(■) we obtain as A ^ 0: 

/ l)0^*(a, 0(-))e'^'^ '^''(^^'^W-^^-^)^(a, 0(.)) 
The condition 

- ^M(a,x)^2i^ (5.15) 



(5.14) 



das J das 

should be satisfied. Otherwise, the integral (|5.14| ) will be exponentially small as A 0, so that state 
( |5.13| ) will be trivial. Under condition ( |5.15| ), one has 

f f R ' 8n(a,x) ^/ X a$(a,x) 1 ,5 ^ 

{ip,ij) ^A^o / dadp / D^g*{a,(f){-))e'^'J '^^(^^'^W ^^-*0(x))^(ct^ (5,ig) 



To specify the composed semiclassical state in the functional representation, one should: 

(i) specify the smooth functions (S'(a), n(a, x), $(a, x)) = X{a) obeying eq.( |5.15| ) (determine the 
/c- dimensional isotropic manifold in the extended phase space A"); 

(ii) specify the a-dependent functional g{a,(j){-)). 

The inner product of composed semiclassical states is given by expression ( p.l6| ). 

Since the inner product ( 5.16|) may vanish for nonzero g, one should factorize the space of composed 



semiclassical states. Such functionals g that obey the property 

/ mSlj .x(^,(x) - ., ^ (5.17) 

should be set to be equal to zero, g ^ 0. 

One can define the Poincare tarnsformation of the composed semiclassical state as follows. The 
transformation of {S{a), n(a, ■), $(a, ■)) is Ua^\{S{a), Il{a, •), $(«, ■)). The transformation of g{a, 0(-)) 
is 

UaAUa,AiS,Il,^) ^ (^,n, $))(?(«, 0(-)). 

One should check that the inner product entering to eq.( |5.17| ) is invariant under Poincare transforma- 
tions. This will also imply that equivalent states are taken to equivalent. 

Since the functional Schrodinger representation is not well-defined, let us consider the Fock rep- 
resentation. One should then specify the a-dependent Fock vector Y{a) = V~^g{a,-) instead of the 
a-dependent functional g{a,(f){-). Making use of formulas ( ^^11) , we find that the inner product (|5.16| ) 
takes the form 



c/ac//?(y(a),e'^^/'^"(^^("'")^^(")-^^*("'")^="("))F(a)) (5.18) 
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where 

i?.(«,-) = r /(^^^^ (5.19) 

f = f($(a, ■), n(a, ■)), 7t = ■), n(a, ■)). If the isotropic manifold ■), n(Q;, ■)) is non- 

degenerate, the functions Bs{a,x.) are hnearly independent. 

Let us investigate some properties of the inner product ( ^.181) in order to check its invariance under 
Poincare transformations. 

5.2.2 Constrained Fock space 

The purpose of this subsection is to investigate the properties of the inner product 

k 

< Y^,Y2 >= J d(3iY,,exp[J2^J cix(S,(x)A+(x) - B:{^)A; {^W^) (5.20) 

s=l 

for the fock vectors Yi, Y2. Suppose the functions Bi, ...,Bk to be hnearly independent. Since the inner 
product (15.201) resembles the inner products for constrained systems |^9|, we will call the space under 
construction as a constrained Fock space. 



First of all, investigate the problem of convergence of the integral (|5.20|) . Note that the operator 



U[B] =exp[J rfx(fi(x)A+(x) - fi*(x)A-(x))] 

is a well-defined unitary operator provided that B G L'^(R'^), and obey the relations 

A-{^)U[B] = U[B]{A-{^) + B{^)y, 
A+(x)f/[5] = U[B]{A+{^) + 5*(x)). 

Lemma 5.1. (cf. [^). The following estimation is satisfied: 

||i?iri(r,,f/[i?]r2)l<E^!^;;^ll^ilU (5.21) 

Proof. One has 

[J dxB*{^)A-{x.);U[B]] = \\B\\^U[B], 

so that 

\\B\\\Y,,U[B]Y2) = ( J d^B{^)A+{^)Y,,U[B]Y2) - {Y,,U[B] J rfxfi*(x)A-(x)r2). 
Applying this identity m times, we obtain: 

||i?IP™(yi,^[i?]r2) = ELo(-i)"-'M(^((/^x5(x)A+(x))^Fi, 

f/[5](/dx5*(x)A-(x))'"-'=F2). 
Making use of the result of lemma B.3, 

II Jd^B{^)A^{^)Y\\i<\\B\\\\Y\\i+y2, 



we find: 



ml 



\B\mY„u[B]Y2)\<Y: „ • j B\r\\Y,\u/2m\in.-s)/2. 

^s!(m — s)! 
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Lemma 5.1 is proved. 

Corollary 1. Let Bi, ...,Bk be linearly independent functions. Then for some constant Ci > the 
following estimation is satisfied: 

\Pn{yuU[Y,PsBs]Y2)\ < Crm\[rn/2\\Y2\\rn/2. 
s 



Proof. It is sufficient to notice that for linearly independent Bi, ...,Bk the matrix {Bm,Bs) is not 
degenerate, so that 1 1| Z^m /^m-Bml P > C'r^'^l/^P fo^ some Ci. Applying the property ||l^||s/2 < ||^||m/2 
for s < m, making use of eq. (|5.21|) , we prove corollary 1. 

Corollary 2. Let ||yi||m/2 < oo, ||^2||m/2 < oo for some m > k, Then the integrand entering to 
eg. ^5.2C\ ) obeys the relation 

\iYuU[j:^B^m<j^^^ (5.22) 

and integral ( \5. 2(\ ) converges. 

Corollary 3. Let Yi n, ^2,n be such sequences of Fock vectors that \ \Yi, n\ \m/2 —^n->oo 0, 1 11^2, n\\m/2 < 
C for some m > k. Then < Yi, Y2 >— *-n^oo 0. 

Let us investigate the property of nonnegative definiteness of the inner product (|5.20|) . 



Lemma 5.2. Let ||^||m < cxd for some m> k and Im{Bs, Bi) = 0. Then <Y,Y >> 0. 
Proof. Introduce the following "regularized" inner product 



< Y,Y>,= I dl3e~'\^\\Y,U[Y,PsB,]Y). 



It follows form estimation (|5.22|) and the Lesbegue theorem that 

<r,r >,^,^o 0. 

It is sufficient then to prove that < F, F >e> 0. One has: 
Therefore, 

< Y,Y>,= f rf/5'rf/?"(47r£)'=/2g-2-(l^'l'+l'^"l'(f/E/?;'5,]F,f/E/3:5,]F), (5.23) 

s s 

here the shift of variable (5 = 13' — 13" is made. We have also taken into account that 

U[Y.(^'sBs]U[-Y.m] = U[Y.{(3',-(3:)B,l 

s s s 

provided that the operators 

J t/x(fi,(x)A+(x) - fi:(x)A-(x)] 
commute (i.e. Im{Bs, Bi) = 0). Formula ( ^.23|) is taken to the form 



<YY>, 



J d/3(47r£)^/^e-2^l^l'f/E/3,5,]r||2 > 0. 



Lemma 5.2 is proved. 

The expression ( p.20| ) depends on k functions Bi,...,Bk. However, one may perform linear substi- 
tutions of variables /?, so that only the subspace span{Bi, Bj.} is essential. 

Definition 5.1. A k-dimensional subspace Lk G L^(R'^) is called as a k-dimensional isotropic plane 
zfIm{B', B") = for all B', B" G Lk. 
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Let Lk be a fc- dimensional isotropic plane with an invariant under shifts measure da. Let Bi, ...,Bk 
be a basis on Lk. One can assign then coordinates . ..,/?„ to any element B E Lk according to the 
formula B = J^sPsBs. The measure da is presented as da = adPi...dPk for some constant a. Consider 
the inner product 

< Y,,Y2 >L,= a J d(3{Y,,U[Y,l3sBs]Y2) = J da{Y,,U[B]Y2), (5.24) 

1 1^1,2! |[fe/2+i] < oo- This definition is invariant under change of basis. 

By jF[fc/2+i] we denote space of such Fock vectors Y that ||F||[fc/2+i] < 00. We say that y ~ if 
< Y,Y >Lfe= 0. Thus, the space J-'[k/2+i] is divided into equivalence classes. Introduce the following 
inner product on the factor-space J-'[k/2+i]/ ~: 

< [Fi], [Y2] Yi,Y2 >L, (5.25) 

for all Yi G [Yi], Y2 G [Y2]. This definition is correct because of the following statement. 
Lemma 5.3. Let <Y,Y >l,= 0. Then < Y, Y' >l,= for all Y' . 



The proof is standard (cf,, forexample, 15^). One has 



<< r + aY, Y' + aY >l,=< Y\ Y' +a* < Y, Y' >l, +a < Y', Y >l. 



for all d G C, so that <Y,Y' >l^= 0. 

Definition 5.2. A constrained Fock space J^{Lk.,da) is the completeness of the factor-space 
^[k/2+1]/ ~ with respect to the inner product ( |5. 2^ ), 



T{Lk) = J^[k/2+l]/ 



5.2.3 Transformations of constrained Fock vectors 

Let us investigate evolution of constrained Fock vectors. Consider the Cauchy problem for eq. 
(Appendix B): 

+ lA-n;-A- + Ht 



Lemma 5.4. Let \l>o G J^- Then '^t e J^m- 

Proof. Analogously to proof of lemma B.ll, one has 

||t/t*o|| = ||f/r'(^+^- + l)'"t/i^o|| = m + (A+GJ + A-F,+){FtA+ + G:A-)r<ilo\\ 
It follows from Lemmas B.2, B.3 that 

11(1 + {A+GJ + A-Ft){FtA+ + G*A-))ni < 

\mi + m\\i\mi + V2\\GfFt\\2\mi+i + \\Ft'F^^ 

<cm\i+i 



(5.26) 



with 

C=l + \\Ft\\l + V2\\GjFt\\2 + \\F^F; + G^Gl \ \ + \\F+G. 
Applying this estimation, we obtain by induction: 

||f/t^olU<C""||^olU. 



t l|2- 



Lemma is proved. 
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Let Lk be a /c-dimensional isotropic plane with invariant measure da. Define its evolution transfor- 
mation L\ as follows. Let [Bi, ...,Bk) be a basis on Lk. Let Bl be solutions to the Cauchy problems 

iBi = nt-Bi + nt+{Bi)*; 

-ii3f = nT^Bf + nrBi; (5.27) 



they can be expressed as 



B^^=Bs-,Bf = Bl. 



Bl = FtB: + GlB,- 
Bf = F*Bs + GtB*. 



(5.28) 



Lemma 5.5. Let Im{Bi,Bj) = 0. Then Im{BlBj) = 0. 
Proof. One has: 

2zIm{Bl Bj) = {Bl Bj) - {B% Bl) = 
(FtB* + GfBi, FfB* + GtBj) — {FfB* + GtBj, FfB* + GfBi) = 
{B„Bj)-{Bj,Bi) = 0. 

because of relations ( B.22 ) of Appendix B. 

Therefore, L^ is also an isotropic plane. Define the measure da^ on as follows. For the choice of 
coordinates ..,Pk on L^ according to the formula B = J2sPsBl, set da = adPi...dPk, where a does 
not depend on t. 

Lemma 5.6. The inner product < -, ■ >^t is invariant under time evolution: 

< ^t,^t >Ll=< ^0,^0 >L, ■ 



Proof. By definition, one has 

< >Li= a I rf/?(vl/„f/[5]/3,S*]vl/,) =af rf/3(vl>o,f/+f/E/?,Sf][/4Vl/o). 

s •' s 

Eq.( |Og| ) implies that 

U[Y.l^sB\] = exp5:/3,cix(yl+(x)5,(x) - yl-(x)i?:(x)). 

s s 

Making use of the relation 

f/+Af(x)t/, = A±(x), 

we obtain statement of lemma 5.6. 

It follows from lemma 5.6 that operator Ut takes equivalent states to equivalent. Therefore, it can 
be reduced to the factorspace J-'[k/2+i]/ ~- Since it is unitary, it can be extended to T{Lk). 



5.2.4 Definition of composed semiclassical state and its Poincare transformation 



Let us formulate a definition of a composed semiclassical state. 

Let be a smooth fc-dimensional manifold {S{a) < n(a, ■), ■)) in the extended phase space 
with measure such that the property ( |5.15| ) is satisfied. Such manifolds are called isotropic. 

Specify an isotropic plane Lk{a) = Lk{a : A'^) as follows. Let Bg have the form (|5.19 ). The subspace 
span{Bi, Bk} does not depend on particular choice of coordinates ai, a^. Consider the quantity 



(Bg, Bl 



aai ' ^ aai ' ^ ' 



das 



dots da. 



das 



(5.29) 



Differentiating ( |5.15|) with respect to a/, we obtain that quantity (|5.29| ) vanishes. Thus, plane Lk{a) is 
isotropic. 
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Introduce the following measure da{a) on Lk{a): 



da (a) 



Da 



a)dPi...dPk, 



(5.30) 



where Pi, Pk are coordinates on Lk{a) which are determined as -B = J^sPsBg. 

Definition ( |5.30|) is invariant under change of coordinates. Namely, let {a'l, ...,0^) be another set of 
local coordinates chosen instead of (ai, ...,ak)- Then 

da 

s=l ^^l 

so that property J2i P'iB[ = J2s PsBg implies that coordinate sets /? and P' should be related as follows: 



Therefore, for the choice of coordinates a' one has 

da' = dp[...dp'. 
Da' 



Da' 
Da' Da 



dPi...dPk = da. 



The invariance property is checked. 

Introduce the vector (Hilbert) bundle vr^fe as follows. The base of the bundle is the isotropic manifold 
A'^. The fibre that corresponds to the point a e A'^ is Hr = ^{Lk{a)). Composed semiclassical states 
are introduced as sections of bundle ni^k. 

Definition 5.2. A composed semiclassical state is a set of isotropic manifold and section Z of 
the bundle iTji^k, such that the inner product 



< (A^ z), (A^ z) >= [ dnz{a), 



converges. 

Poincare transformation of isotropic manifold A^ = {X(a)} is determined as 

Ua,K{X{a)} = {Ua,AX{a)}. 

Section {Z{a)} is transformed as follows. Let Z{a) = [Y{a)]. define Ua,AZ{a) = [Ua,AY{a)]. This 
definition is correct because of the resulta of previous subsubsection, provided that 



LJa : u.aA^) = U„ALk{a : A* 



(5.31) 



It is sufficient to prove property (|5.31|) for partial cases: spatial translations and rotations, time evolution 
and x^-boost. 

1. Spatial translations. 

The functions $,11 obey eqs.( |3.18| ), while eq.( |5.26D has the form ( |3.67| ). Eqs.( |5.27D for 5* take the 
form 

B: = -a'dkBl. 



This equation is satisfied because of eqs. (|3.18| ), (|5.19|) and property ( p.35| ). 
2. Spatial rotations. 

The functions $,11 obey eqs.( p.l5| ), while eq.( |5.26|) has the forem ( ^.221) . Eqs.( |5.27D take the form 



BJ = -e,m{x'd^-x"'ds)BJ. 



This equation is satisfied because of eqs. (|3.15|) , (|5.19|) and property ( p.35|) 
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3. Time evolution. 

The functions $,n obey eq. (|1.5|) , while eq.( 5.26| ) has the form (|3.69| ). Eg. ( ^■27| ) takes teh form: 

iB'j = {n + cj)b] + n-^+Bf, 

where 7i and 7i++ have the form ( |3.69| ). It is satisfied because of eqs.( |1.5| ) and ( p.l9[ ). 

4. The x^-boost. 

The functions H obey eq.(p:T3[) with n = (1, 0, 0), while eq.(p:^ has the form Eq.(|0^) 
has the form 

iB] = {Lk + B'')B'. + B''++Bf, 

where B'' and 0*^++ have the form (p.38|) . It is satisfied because of eqs.( p.2lj ) and (|5.19| ). 

Thus, the composed semiclassical states and their Poincare transformations are introduced. 



6 Conclusions 

In this paper a notion of a semiclassical state is introduced. "Elementary" semiclassical state are 
specified by a set (X, of classical field configuration X (point on the infinite-dimensional manifold 
X, see section 2 and subsection 3.2) and element \E' of the space JF. Set of all "elementary" semiclassical 
states may be viewed as a semiclassical bundle. 

The physical meaning of classical field X is evident. Discuss the role of \1'. In the soliton quantization 
language [|l], |^ specifies whether the quantum soliton is in the ground or excited state. For the 
Gaussian approach fl^, |l^, |l7l, specifies the form of the Gaussian functional, while for QFT in 



the strong external classical field ||^, |^ \1' is a state of a quantum field in the classical background. 

The "composed" semiclassical states have been also introduced (section 5). They can be viewed 
as superpositions of "elementary" semiclassical states and are specified by the functions (X(r), \E'(r)) 
defined on some domain of R'^ with values on the semiclassical bundle. 

Not arbitrary superposition of elementary semiclassical states is nontrivial. The isotropic condition 
(|5.15|) should be satisfied. Moreover, the inner product of the "composed" semiclassical states (eq. (|5.18|) ) 
is degenerate, so that there is a "gauge freedom" ( |5.17| ) in specifying composed semiclassical states. 



The composed semiclassical states are used |36| in soliton quantization, since there are translation 



zero modes and solitons can be shifted. They are useful if there are conserved integrals of motion like 
charges. The correspondence between composed and elementary semiclassical states in QFT resembles 
the relationship between WKB and wave packet approximations in quantum mechanics. 

An important feature of QFT is the property of Poincare invariance. In this paper an explicit check 
of this property is presented for semiclassical QFT. The Poincare transformations of elementary and 
composed semiclassical states have been constructed as follows. First, the simplest Poincare transfor- 
mations like spatial translations and rotations, evolution and boost are considered. The infinitesimal 
transformations are investigated, the Lie algebraic commutation relations have been checked and the 
group properties have been justified. 

For the "composed" states, conservation of the degenerate inner product and isotropic condition 
under Poincare transformation have been checked. 

An important feature of QFT is a notion of field. In this paper this notion is introduced for 
semiclassical QFT. The property of Poincare invariance of semiclassical field is checked. 

This work was supported by the Russian Foundation for Basic Research, project 99-01-01198. 



A Symmetries of the semiclassical theory under Lie groups 

Let the semiclassical field theory be symmetric under Lie group transformations. Let ^ be a Lie group. 

Let X he a. smooth (maybe, infinite-dimensional) manifold, 7i be a Hilbert space. Suppose that 

a smooth mapping u : Q x X ^ X is specified; the smooth mappings Ug : X ^ X associated with 
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the mapping u of the form UgX = u{g, X) satisfy the group property Ug^ 
for each X E X unitary operators f4[-'f] = Ug{ugX <— X) : — > JF are specified; the group property 

Ugi{Ug^g^X ^ Ug^X)Ug^{Ug^X ^ X) = Ug^g^{Ug^g^X ^ X) {A.l) 

are satisfied. 

Let us investigate the properties of infinitesimal transformations. 

By TeQ we denote the tangent space to the Lie group Q a.t g = e. Let A G TeQ, g{r) be a smooth 
curve on the group Q with the tangent vector A at the point g{Q) = e. Introduce the differenial operator 
6[A] on the space of differentiable functionals F on X: 

{5[A]F)iX) = ^|.=oi^KMX). {A.2) 



Lemma A.l 1. The quantity ^A.2J does not depend on the choice of the curve gij) with the tangent 
vector A. 

2. The following property 

5[Ai + aA2] = 5[Ai] + aS[A2\,a G R, Ai, A2 G T^G 

is satisfied. 

Proof. Let (71 (r) and (72 (t) be smooth curves on the Lie group Q such that gi{0) = e, (72(0) = e. 
One has ^ d d 

— \r=oF{Ug^(r)g2{T)X) = —\r=oF {Ug^^r)^) — \r=oF {Ug.^(^r)X) . {A.3) 

smcc 

^Kl(r)92(r)^ , _ f,,d F{Ug,i^r)X)~F{X) 
— \r=0 - J "^^^ Kl(?)«92(r)Xjk=€T + • 

Let g^r) and g^r) be curves on Q with the tangent vector A. Choose gii^r) = gi^r), (72(t) = 5'^^(t)^(t). 
Since g2{T) - e = 0{t^), £\r=oF{ug,^r)X) = 0. It follows from eq(^) that £\r=oF{ug^r)X) = 
j^\r=oF{ug(r)X). Thus, definition ( [A. 2] ) is correct. 

Let 5'i(t), (72 (t) be curves with tangent vectors A and B correspondingly. Then gi{T)g2{T) is a curve 
with the tangent vector A + B. Eg. ([A. 3D implies that 



6[A + B]=6[A]+6[B]. 

Finally, consider a curve gi^r) with the tangent vector A and teh curve ^(r) = g{aT) with the tangent 
vector aA. One has 

d d 

— \r=oF[Ug{r)X) = a—\r=oF{Ug(r)X). 

Thus, 5[a;y4] = q;5[A]. Lemma A.l is proved. 

Let (? G ^, v4 G Tg^, /i(r) be a curve on Q with tangent vector B at h{0) = e. Then the tangent 
vector for the curve g{T)h{T)g^^{T) at /i(0) = e does not depend on the choice of the curve /i(r). Denote 
it by gBg-^. 

Define the operator Wg on the space of functionals F as VFgF[X] = F[ug-iX]. 
Lemma A.2. The following property is satisfied: 

Wg5[B]Wg-.F = S[gBg-']F (AA) 



The proof is straightforward. 

Let g = g{T) be a curve with the tangent vector A at g{0) = e. Differentiating expression ( [A.4| ) by 
r at r = 0, we obtain: 
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Lemma A. 3. The following relation is satisfied: 



{[6[A],6[B]]+6{[A,B]))F = 0. (A5) 

Here [A,B] is the Lie-algrbra commutator for the group Q. 

Proof. Let g{T) be a smooth curve on the Lie group Q with tangent vector A at (^(O) = e. Make 
use of the property ( |A.4| ): 



Wg^rABWg-^ir) = 6[g{T)Bg-\T)]F, (A.6) 

rewrite definition ( |A.2|) as 



remember that the Lie commutator can be defined as 



[A;B]^^l=,g{r)Bg-\r). 



Consider the derivatives of sides of eq. (|A.6|) at r = 0. We obtain property ( |A.5|) . Lemma A. 3 is proved. 



Consider now the infinitesimal properties of the transformation U . Suppose that on some dense 
subset D of the vector functions t/gfAj^^ G D) are strongly continously difi^erentiable with respect 
to g and smooth with respect to X. Define operators 

H{A : X)^ = ^^\^^,Ug^^^[X]^, {A.7) 

where g{T) is a curve on the group Q with the tangent vector A at g{0) = e. 

Lemma A. 4. 1. The operator H{A : X) does not depend on the choice of the curve g{T) with the 
tangent vector A. 

2. The following property is satisfied: 

H{Ai + aA2 : X) = H{Ai : X) + aH{A2 : X). 

The proof is analogous to lemma A.l. 

Let /i(r) be a curve with the tangent vector B at h{0) = e. Eq.( |A.l| ) implies: 

Differentiating this identity by r at r = 0, we obtain: 
Lemma A. 5. For ^ E D 

-iUg[X]H{B : X)U-^[X]^ + {5[B]Ug)[X]U-^[X]^ = -zH{gBg-';u,X)^. {A.8) 



Let g = g{t) be a curve with the tangent vector A at g{0) = e. Differentiating eq. (|A.8| ) by t in a 
weak sense, we obtain: 

Lemma A. 6. On the subset T> the following bilinear form vanishes: 

-[H{A- X) : H{B- X)] - i5[B]H{A : X) + i5[A]H{B : X) + iH{\A- B] : X) = 0. (A.9) 
Renark. Introduce the operator 

H{A : X) = H{A : X) - i5[A] (A.IO) 
on the space of smooth sections of the bundle X x T> ^ X . The property ( [A.9|) can be rewritten as 



[H{A- X); H{B- X)] = iH{[A, B]-X). (All) 
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Note that the operator ( |A.10D is an analog of the covariant differentiation operator in the theory of 



bundles (see, for example, ||4^). 



Thus, the group property ( |A.1|) is reformulated in terms of Lie algebras. 



Investigate now the problem of reconstructing the group representation if the algebra representation 
is known. Our purpose is to prove some lemmas which are useful in constructing the representation of 
the Poincare group. 

Impose the following conditions on the operators H{A : X), A G TeQ, X & X. 

HI. Hermitian operators H{A : X) are defined on a common domain T) which is dense in T . 

H2. For each smooth curve h{a) on Q and each ^ e P the vector function H{A : Uh{a)X)'if is 
strongly continously differentiable with respect to a. 

113. The bilinear form l \A.9l ) vanshes on T>. 

Let Z G TeQ be a subset of the Lie algebra of the group Q. Let B E Z, while gsit) is a one- 
parametric subgroup of the Lie group Q with the tangent vector B at t = 0, gsiO) = e. Denote by 
t/^(X) the operator taking the initial condition '^q eT> oi the Cauchy problem for the equation 

= H{B : u,,^t)X)^t {A.12) 

{d'^t/dt is a strong derivative) to the solution G P of the Cauchy problem, = t/^(X)\I'o. This 
definition is correct under the following condition. 

H4. Let B E Z. If'^^E T>, there exists a solution of the Cauchy problem for eq.(\A.12j. 



Uniqueness of the solution is a corollary of the property \\^t\\ = ll^oll which is checked directly 
by differentiation. The isometric operator f/|j(X) can be expanded then from T> to JF. It satisfies the 
property 

U'^{u,,^t,)X)U'jl{X) = U'^^''^{X). 

Therefore, it is invert ible and unitary. 
Impose also the following conditions. 

H5. Let B E Z. For each smooth curve h{a) on Q and each \I'o G P the quantity ||^if(y4 : 
Uh(a)X)^t\\ is bounded uniformly with respect to a,t E [ai,a2] x [ti,t2] for any finite ai,a2,ti,t2. 
H6. For eT>, B E Z, A E TgQ, the following property is satisfied: 

\\HigBir)Ag^\r) : n,,(.)X)[t/^(X)vI/ - ^,^0 0. 
Under these conditions, we obtain: 

Lemma A. 7. Let B E Z , A E TeQ, The following property is satisfied on the domain T>: 

H{A : X) + i{U],{X))-\5[A]U],){X) - {U'j,{X)Y' H{gB{t)AgB{t)-' : u,,^t)X)U],{X) = 0. (A13) 

Proof. Let us check that under these conditions the operator {5[A\Uy){X) is correctly defined, i.e. 
the strong derivative 

(<5[A][/^)(X)v|/ = ^U=ot^^K(")^)* (^-14) 

exists for all \E' G P, where h{Q) is a curve on Q with tangent vector A. 
Denote 

This vector obeys the equation 



d 

= H{B : Ugg{t)h{a)X)'^ a,U 
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SO that 

+ {H{B : Ugg(^t)h{a+5a)X) — H{B : Ugg(^t)X))'^a,t 

Since \1/q,^o = ^a+<5a,o = ^E', we have 

JO 

Because of unitarity of the operators U^, the following estimation takes place: 

ft 
/o 



X) - H{B : M,,(.)X))^„,.. 



X)-H{B:Ug^^,)X))^>^,,\ 

<j 



Making use of the Lesbegue theorem |Q and condition H5, we find that ||\E'Q,+5a,t — ^a,t\ 
that the operator U^Q{uh{a)X) is strongly continous with respect to a. 
Furthermore, 



0, SO 



a+Sa 



t - ^a. 



5a 



~^ lo lo ^'^^^^ '^{UgB(T)h{a+5a)X) ^—H{B : Ugg(^r)h{a+jSa)X)^ a, 



Denote 



da 



= -i I drU*^ ''{Ugg(r)h(a+&a)X) ( —H{B : Ugg(^^)h{a)X) ) 



(A15) 



The following estimation takes place: 



X I 

Tt-TI 



Sa 
dH 
da 



da 



^9b {T)h{a+5a) x)\\ 



{B : Ugg(^r)h{a+^5a)X) — -q^{B : Ugg{^r)h(a)X) a,T\\ + 



(A16) 



\\{Ub ''{UgB(r)h{a+5a)X) - {Ugg(^r)h{a)X)) g^{B : Ugg(r)h{a)X)-^ a,T 



Making use of the Lesbegue theorem, conditions H2,H5, we find that the quantity ( |A.16|) tends to zero 
as 6a ^ 0. Thus, the vector ( |A.14| ) is correctly defined. 
It follows from the expression ( |A.15| ) that 



d_d_ 
dr da 



UB{Uh{a)X) - iH{B : Ugg(t)h{a)X) 



dU]^{Uh{a)X) 

da 



in a strong sense. 

Let us prove now property (|A.13| ). At t = the property ( [A.13| ) is satisfied. The derivative with 
respect to t of any matrix element of the operator (|A. 13|) under conditions H1-H6 vanishes. Therefore, 
equality ( |A.13| ) viewed in terms of bilinear forms is satisfied on V. Since the left-hand side of eq.( |A.13| ) 
is defined on X>, it also vanshes on V. 

To construct the representation of the Poincare group, the following statement is used in this paper. 

Let the property 

9B,Xtn{a))-9BAtM)) = e, (^-17) 

be satisfy for a G [0,ao] and Bi,...,Bn G Z. Here tk{a) are smooth functions. Denote hk{a) = 
9Bk{tk{a)), Sk{a) = hk{a)...hi{a). 

Lemma A. 8. Under condition ( {A.l'li ) the operator 



_,(.)X)...f/l,f)(X) 



(A18) 



is a-independent. 

To prove lemma, denote Uk = Uk{us^_^{a)X) = UB^°'\us^_-^(a)X) . Let us use the following lemma. 
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Lemma A. 9. Let s{a) be a smooth curve on the group Q, t{a) is a smooth real function, B G T^Q ■ 
Then the operator function U^B°'\us[a)X) is strongly differentiahle with respect to a on V and 



where ^s~^ is a tangent vector to the curve s{a + T)s^^{a) at r = 0. 



(A19) 



da ' 

Proof. Let eV. One has 

5a 



1 / Y j-t{a+5a) 



(„)X) - [/lj")K(,)X)vI/ + ^(f/r"''"^K(«+,.)X) - f/|,™K(.)X)vl/. 
The first term in the right-hand side of eq.( [A.20D tends to 

by definition of the operator U^{X). Consider the second term. It can be represented as 

^ d — 

Making use of eq. ( |A.15| ), we take this term to the form 



1 /Yj-t{a+5a) 



t{a+Sa) 



(A20) 



—I 



d'-y 



t{a+5a) 



drU] 



t(a+5a)—T 



B 



d 

UgB{T)s{a+'y5a)X) — H(B : Ugg(^r)s{a+ySaX)U]^{Us(a+'r5a)X)'i! . (^-21^ 



Making use of the Lesbegue theorem and property H6, we see that the vector ( |A.21| ) is strongly continous 
as 5a — > 0, so that it is equal to 

^UT\u,^^)X)\^=o.^ = m^S-']Ut^){u,^a)X)^. 

We obtain formula ( |A.19| ). 

Let us return to proof of lemma A. 8. To check formula (|A.18|) , let us obtain that 

d 



da 



(t/„...f/i)(f/„...f/i)-i = 



(A.22) 



on V (the derivative is viewed in the strong sense). The property (|A.22|) is equivalent to the folowing 
relation: 



dU 

Y^u^...u,+,^u^\..u-' = o. 



k=l 



Making use of eq. (|A.19| ), we take eq.( [A.23| ) to the form 

n=iUn-U,^iHi-t^B, : Us,X)Ui:^,...U-' + 

Applying properties ( [A. 131 ) n ~ k times, we obtain 
Eq.( P07| ) implies that 

Efc=i ^hn--hk+iBkhll^...h~^ = 0; 
-^■^7-1 - ^.1^=1 hi^i...hk+iBkhll^...hY\ = 0. 

Lemma A. 8 is proved. 

Corollary. Lettk{0) = e. Then 



{A.23) 



(A.24) 



(A25) 



U'Bt\us„M»)X)...U'^ri^) = ^ 



under conditions of lemma A. 8. 
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B Some properties of quadratic Hamiltonians in the Fock 
space 

The purpose of this appendix is to introduce some notations and check some properties of operators in 
Fock space. 

Remind that the Fock space JF(L^(R'^)) is defined as a space of sets 

^ = (^o,^i(xi),...,^„(xi,...,x„),...) 

of symmetric with respect to Xi, x„ symmetric functions such that = l^nlP < cxd. 

By v4^(x) we denote, as usual, the creation and annihilation operator distributions: 

(/ rfxA+(x)/(x)V^)„(xi, X„) = ^ Er=l /(Xj)^n-l(Xl, Xj_i, Xj+i, x„); 

(/rfxA"(x)/*(x)^)„_i(xi, ...,x„_i) = v/^/dx/*(x)?/'„(x,Xi, ...,x„_i). 

By |0 > we denote, as usual, the vacuum vector of the form (1, 0, 0, ...). Arbitrary vector of the Fock 
space can be presented via the creation operators and vacuum vector as follows 

^= / rfxi...c?x„^'„(xi,...,x„)A+(xi)...A+(x„)|0 > . 



=0 Vn 

Introduce the operator of number of particles n as {nil))n = nipn- Let T be a nonbounded self-adjoint 
operator in L^(R'^) such that T — 1 > 0. By A'^TA~ we denote the operator of the form 

n 

{A+TA-tP)r, = l^-'-i ® T ® 
Introduce also the following norms in the Fock space: 

{n+ir^\i mi = \\{A+TA- + iri^\\. 



Lemma B.l. Let WipW^ < oo. Then \ \ip\\m < 
Proof. It is sufficient to check that 

n n 

This relation is a corollary of the formula 

for all li, ...,ln > 0. The latter formula is obtained from the relation ||T^'^ (g) ... ® T^'"|| < 1. Lemma 
B.l is proved. 

Let H^' be a nonbounded operator in L^(R'^) such that operators q^^i^ H^^T^^ 

are bounded. 

Lemma B.2. The following estimation is satisfied: 

\\A^n^-A-ij\\<cM\l 

with C = max{\\T~'/^n+-T-'/^\\,\\n+-T-^\\). 
Proof. One should check 

i^n, ntnl-^n) < C{^n, T^T.^J^) (5.1) 

with = V-^ n+- ® r-\ Ti = V-^ ® T ® r-\ Denote T/^^T/^Vn = 0n- Inequality takes 
the form 

(0.,7;-^/'7;rV2^+-7^+-TrV2y^rV2^^) < (5.2) 
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For i ^ j, property is satisfied if C = | \T-^/^n+-T~^/^\\ corollary of the Cauchy-Bunyakovski- 
Scliwartz inequality. For i = j, property ([B.2| ) is satisfied if C = ||7i^T~^||. Lemma B.2 is proved. 
Lemma B.3. Consider the operator 



J (ixi...(ix„dyi...(iyfcV2(xi, ...,x„,yi, ...,yfc)y4+(xi)...y4+(xm)y4 {yi)...A {jk 



with <^ e L2(R'^(™+'=)). Letm and < oo. Then 



1+^ 



where = max{l, (m — k)\{m — fc)^'}. 
Proof. One has 



(<^*)n(Zl, •••,Zn) 



{n—m+ky. 



(n-m)! V (n-^^y^^I ^y^--^yk^(^^^--^^rn,yi,--,yk) 



where Sym is a symmetrization operator. Since ||S'?/m$„|| < ||$n|| and 

II J dy^{z,y)^{y,z')\\ < 



one has 



Therefore, 



l(<^*)n|| < 



{n — m + k)\ 



[n — m]\ 



(n — m] 



Iv^llll^ 



n—m+k I 



I* 



n—m+k I 



oo {s+m-k)^\s~k+l)...s(s-k+l)...{s-k+m) 



Eoo 
s=0 



<c'l<^l 



where s = m — n + /c. Lemma is proved. 
Corollary. 



V2 



l^lli, 



Here || ■ II2 is a Hilbert- Schmidt norm IIAII2 = VTrA+A. 
Consider the quadratic Hamiltonian 

H = ^A+n^+A- + A+n+-A- + ^A-n—A- + n. 

Let H, n-_, Tt^ be a-dependent, a G R, and (7^++)+ = H— , {H+^)+ = n+- . 

Lemma B.4. Let Tia be a continuously differentiable function, Ti.^^ be a continously differentiable 
Hilbert- Schmidt operator in the norm \ \ ■ II2, while T-^/^nt-T-^'^ andn+-T-^ are operator functions 
being continuously differentiable in the operator norm. Letip G J-", WipWi < 00. Then the vector function 
Haip is continously differentiable in the strong topology. 

Proof. One has from lemmas B.2 and B.3 that 



^^^^±^-f)^||<y2||^ 



max 



5a 



da 
da ' 



2^-1/21 



d_n-/++\\ 

T-H++ -?T'++ 

5a da 



1 + 



n 

5a 



d nj 

da'^oi 



^5a->0 



0. 



The fact that -^Haip is continuous is checked analogously. Lemma B.4 is proved. 
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Consider now the Cauchy problem for the equation 

Ht = \A+l-Lt^A~ + A+7it'A- + \A-1-Lr A' + ^t- 

on the Fock vector the strong derivative enters to eq. (|B.3| ). 
Formally, the solution for the initial condition 



(5.3) 



°° 1 /■ 

^0 = E ^ / c?xi...dx„A+(xi)...A+(x„)^o,n(xi,...,x„)|0 > (5.4) 



is looked for in the following form 



n=0 

with 



= E ^ / c^Xi...c/x„A+(xi)...A+(x„)^o 

,n(xi ) . . . , X^ )|0>t (5.5) 



|0 >t= c*exp[i 1 rfxdyM*(x,y)A+(x)A+(y)]|0 > . (5.6) 
while operators ^i'(x) are chosen to be 

A+(x) = j rfy[A+(y)G:(y,x) - A-(y)A:(y, x)]. 

Namely, the Gaussian ansatz (p.6|) formally satisfies eq. (|B.3|) if 



' dt 



" dt 2 ' ^ ' (B 7) 

Ht^' + nt-Mt + MtHt^ + MtHrMt. ^ 



Here is the operator with kernel M*(x, y), Ti^^ = {l-tf )*. The operators Af{^) commute with 

= nf-F, + nrct, = Ui+Gt + nrFt. (5.8) 

Here Ff, Gt are operators with kernels Ft(x, y) and Gt(x, y). Note that the operator Mt = FtGt^ 
formally satisfies eq.( [B.7| ). Initial conditions ( [B.4| ) are satisfied if Fq = 0, Go = 1. 

Let us check that eq. (p.3| ) is satisfied in a strong sense. 

First of all, let us present some auxiliary lemmas. 

Lemma B.5. Let M he a Hilhert- Schmidt operator and \ \M\ \ < 1. Tht 



len 



exp[^yl+M^+]|0 > (5.9) 



The proof is presented in |^ . 



Corollary. For the state ( \B.[\) , the estimation 

llV'nII <v4e-"" (5.10) 

is satisfied under conditions of lemma B.5 for some A and < a < — |/o(7||M||. 

Proof. Since ||M|| < 1, ||e^"M|| < 1. Since expression ip = exp[^e'^" A~^ M A^]\0 > specifies a Fock 

space vector, ||V'2n|| = | |e^°'"'^2n| | < A. Corollary is proved. 

Lemma B.6. Let M, 6M be Hilhert- Schmidt operators, ||M|| < 1, \\M + 5M\ \ < 1 and 

\\6M\\,<\\og\\M\\-^\\M\\-'l\ 
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Then 

1 °° 1 1 1 
exp[-A+(M + (5M)A+]|0 >= -[-A+8MA+fe^^[-A+MA+]\Q > 

2 k\ 2 2 

Proof. One should check that 

s - hm^^oo Ek,i,k+i<N ^{A+SMA+)''^{A+MA+y\0 >= 

s - hm^^oo Eto M^'-SMA+re'^^^'^^^^lO > ^""-''^ 

Since the strong hmit in the left-hand side of equality (|B.11|) exists, eq.( p.ll|) can be presemted as 

N oo 

E E ^fe,/-*JV-ooO (5.12) 

fc=0 l=N-k+l 

with 

= i^{A-^5MA'^f^{A'^MA-^y\Q > . 
Since 



([y4+5My4+]^)„,(xi, ...,x„) = Sym^n{n - l)5M(xi, X2)^„_2(x3, ...,x„) 

one has 

||([A+5MA+]V^)„|| < ^n{n-l)\\5MMilj\\n-2- 

By induction, one obtains: 



It follows from the extimation ( p.lO|) that 



A; 



Since A;! ~ (A;/e)^v27rA; as — oo, one has e ^k^ /k\ < Ai. Therefore, 

\\'^k,i\\<AA^e-''"%^ (S.13) 

with 6 = 1 1 1 1 /a. Therefore, 

N oo N -1 a(N+l)/2 

E E ll^Mll = E^^i&'e-^^"^-''''^T3^^^^i- 



A;=0i=7V-fc+l fe=0 



;i -e-°/2)(l -6e-°/2)' 



Therefore, for | |(5M| 126^°/^ < a property (p.l2| ) is satisfied. Choosing a = —jlog\\M\\, we obtain 
statement of lemma. 

Lemma B.7. Let Mt, t G [^1,^2] be a differentiahle operator function, ||Mt||2 < 00, 

II ^||2-.t-.oO. (5.14) 

Then 

' ' A+^A+e^^^^^*-^^|0>|U^,i^oO. (5.15) 



" 5t 2 dt 

Proof. Denote SM = SMt^st = ^t+st ~ Mf. It is sufficient to check the following formulas: 

II ^ — ^ ^ e2^^^*^^|0 > lU ^st^o 0; (S.16) 

or 
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5t 



dt 



The latter formula is a direct corollary of lemma B.3, property ||e 
from formula ( P.10|) and relation 



1 1 SM 


dM 1 1 


II &t 


dt 1 1 



0>|U^5t^oO. (5.17) 

"^^|0 > \\m+i < oo following 
2 — i>5t^o 0. Formula (|3.30| ) is a corollary of the relation 

(5.18) 



oo oo 1 

EETT(2A; + l + /)'"||V'Ml|-^5t^oO. 

k=2 l=Q 



Makibg use of the estimation ( |B.13|) and formula ||5M||2/(5t -^st^Q 0, we prove relation ( p.l8|) . Lemma 
B.7 is proved. 

Lemma B.8. Let T he such nonhounded self-adjoint operator in L^(R'^) that T — 1 > 0, D{T) C 
D{7{~^^), Tif^T^^ he uniformly hpinded operator. Let the initial condition for eq.( B.S ) he of the form 
1^^, where \I^o,n = as n> Nq, 



Jo 



v[/o,.(xi,...,x„) = ^//(xi).../;(x„), /; e D{T). 



(5.19) 



Let Hilhert- Schmidt operator Mt satisfy eg. ( |5. 7{) (the derivative is defined in the Hilhert- Schmidt sense 
( \B. 1^ ) ) and initial condition Mq = 0, , q ohey eg. ( \B. Ft and Gt he uniformly hounded operators 
Ft : D{T) D{T), Gt '■ D(T) D{T) satisfying eg. ^ ) in the strong sense on D(T), Fq = 0, 
Gq = 1. Then the Fock vector l \B.d{ ) oheys eg. I \B. 3i ) in the strong sense. 
Proof. It is sufficient to prove lemma for the initial condition 



A+[/i]...A+[r]|0> 



where ^^[/] = / (ix/(x)A+(x). Let us show that the Fock vector 

1 



At[f']...Atn>t 



with 

satisfies eq.( p.3|) . Let 
1 



Ann = / rfy[A+(y)(G:/)(y) - A-(y)(F;/)(y)] 



d 



with 



One has 



E ]...^nr]|0 >t +At[f^..At[f^]...At[f-WAO >t 



At [f] = / rfy (y ) |(G: /) (y ) - A- (y ) I (F; /) (y )] , 



dt I 



dt 



Si ^* ~ 7^A+<5tU \---^t+st[J I { — 



+^f-|0>t 



5t 



T.u^tst[n--Atst[fn r'-''sr ' - AtmAtwn-Ann\o >t + 
-^xM+nn-Auip-'] - At\f\..At[f^-^]]AnfMtw^']...Anf-]\^ >t . 



It follows from lemmas B.3, B.7 and conditions of lemma B.8 that 



5t 



^st^o 



0. 
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Eqs.(pl7|), ( pl8|) imply that '^t = -iHt'^f Lemma B.8 is proved. 

Denote by Pi C ^ the set of all Fock vectors ^ G such that '^n vanish at > A^o and have 
the form (|B.19|) as n < Nq. Lemma B.8 allows us to construct the mapping f/^ : Pi ^ JF of the form 
Ut^Q = Note that the domain Vi is dense in J^. 

Denote 

A;[f] ^ {Atmy ^ I dy[A-(y)(G,/)(y) - A+(y)(F,/)(y)]. 
Lemma B.9. 1. The operators Af[f] obey the commutation relations 

[AnflAtlg]] = if,g), [Afif], Af[g]] = 0. (5.20) 

2. The following property is satisfied: 

A;[f]\0>,= 0. (5.21) 

3. The operator Ut is isometric. 

Proof. The commutation relations (p.2CI| ) are rewritten as 

{GJ,Gtg)-{FJ,Ftg) = {f,gy, 
{F:f,Gtg)-{G:f,F,g) = 0. 



(5.22) 



They are satisfied at t = 0. The time derivatives of the left-hand sides of eqs.( p.22|) vanish because of 
eqs.( |B.8D . Statement 1 is proved. 

The fact that Ut is an isometric operator is a corollary of the property ^(^t, ^t) = 0. 

Analogously to lemma B.8, we find that the vector = At[f]\0 >t obeys eq. ( |B.3|) in the strong 
sense. Since \E'o = and \ \^t\ \ = ll^oll) one has '^t = 0. Property ( [B.21| ) is proved. Note that it means 



that 



MtGt = Ft. (5.23) 



Lemma B.9 is proved. 

Therefore, the operator Ut can be extended to the whole space J-' , Ut : J-" ^ J-" ■ 
Lemma B.IO. Let the operator 

( G+ -F+ \ 
-F^ G^ ) 

be invertible. Then the following relation is satisfied on Vi: 

U^^A-^TA^Ut-^o = (A^Gj + A-F+)T{FA^ + GM-)*o (5.24) 



Proof. It follows from lemma B.9 that 

/ G+ 




Therefore, 





and 

A-{y) = /rfz(F,(y,z)A+(z) + G*(y,z)A,-(z)), 
A+(y) = /^;z(F;(y,z)A,-(z) + G,(y, z)A+(z)). 



Identity ( |B.24| ) is then a corollary of definition of the operator Ut. 
By T> E J-" we denote set of such Fock vectors that H^E^Hf < oo. 

Lemma B.ll. Let G P. Suppose that TFt and Ti^^ are continuous operator functions in the 
II ■ \ \2-n0rm, Gt, T^I'^GtT~^l'^ , TG{T~^ , T~^/'^7if~T~^/'^ , 7i+~T~^ are continous operator functions in 
the II ■ \ \-norm. Then the following statements are satisfied. 
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1. = Ut^o e V. 

2. obeys eq.( B.S ) in the strong sense. 
3. 

Il^t-^ol 



0. 



(5.25) 



Proof. Let \l/o G Vi. For | |t/t\E'o| If > one has the following estimation: 

WUt^oW^ = \\Ui\f + l)Ut^o\ \ < W'^oW + WiA+G^ + A~F+)T{FA+ + G*A-)^o\\ < 
(1 + ||F+||2||TF||2)||^o|| + iV2\\G^TF\\2+\\F+TF\\ + ||F+rG||2)||^o|| 
+{\\T-'/^G^TG*T-'/^\\ + \\A^TA*T-^\\)\\^o\\l < canst\\^\\J 

at t G [0,ti]. Therefore, the operator Ut is bounded in norm || ■ The extension of the operator Ut to 
T> is then also a bounded operator in || • ||f norm. One therefore has G 

The fact that ||f/f\l/o ~ ^oIlT ^t^o if \&o G Vi is justified analogously to lemma B.8. Since the 
operator [/^ : "D — >■ P is uniformly bounded at t G [0,ti] in || ■ ||f-norm, the Banach-Steinhaus theorem 
(see, for example, |51|) implies relation ( |B.25| ). 

To check the second statement, note that lemma B.8 imply that 

Ut+5t - Ut , dUt 

—Tt ^ ^^-26) 

in the strong sense on Pi. For showing that relation ( p.26|) is satisfied in the strong sense on D, it is 
sufficient to show that the operator 

— ■.V-^T 

5t 

is uniformly bounded, 

-^%\<cm\i 



6t 



One has 



\5U 
St 



^11 = W lo dsUt+sSt'^W = \ \ Jq dsHt+sStUt+sStW < 



max,^^o,i][V2\\ntZst\\2 + 1 |T-vxt;,,r-V2| | + \\nt-stT-'\\]\\Ut+sstni 



Lemma B.ll is proved. 

Let us now check properties of operators Ft, Ft, Mt. 
First of all, consider the Cauchy problem 

ift = Ytft + Ztgt, 
-tgt = Z:ft + Y;gt, (5.27) 
/o = 0,go = 1, 

where gt is a bounded operator functions, ft is a Hilbert-Schmidt operator function. The derivatives in 
(P.271 ) are understood as 



\\{^^±^^ - 9tM ^st^o 0, \\ll±^L_A _ /^ll, 0. (5.28) 

Lemma B.12. Let Yt be a strongly continous operator function, while \\Zt^r — ^tlb ^r^o 0, 
ll^-^tlb ^ c^i; ll^^i^""*^!! ^ '^2' ^ '^3 foT smooth functions a\. Then there exist a solution 

to the Cauchy problem \B.2lO such that 

\\Tft\\2<a\, \\T"^gtT~"^\\<a\, \\TgtT-'\\<al \\gt\\ < a\ (5.29) 

for smooth functions a^. 
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Proof (cf.|j5^). Let us look for the solution to the Cauchy problem in the following form: 

oo oo 

/* = E 9t = T. 9t- (5.30) 



ri=0 n=0 



where /° = 0, (7° = 1, 

= Jo dTiY:g- + Z*J-). ^""-^'^ 

By induction we find that ||/"||2 < Cit"/n\, \\gt\\2 < Cit"/n! for t G [0,ti]. Here Ci is a constant. 

Therefore, the series ( |B.30D converge, ft is a Hilbert-Schmidt operator, while gt is a bounded 
operator. Analogously, we show 

n! n! n! 

where t G [0,ti]. Therefore, properties ( |B.29| ) are satisfied. 
To check relations ( [B.28|) , note that 



ft = -i Jo driYrfr + Zrgr), 
gt = tJ^dT{Z:fr + Y;gr). 

Eqs.( p3.3^ ) imply that the operator functions ft, gt obey properties 

\\T{ft+5t - ft)\\2 ^St^O 0, \\igt+5t - gt)\ \ ^St^O 

Therefore, 

; ft+St — .ft 
~Sf 

St 



(5.32) 



I K '^54 ' ' ~ ^tft — Ztgt\\2 ^ Jo ds\\Yt^s5tft+s5t + Zt+s&tgt+sSt — Ytft — Ztgt\\2, 

_ z;ft - Y:gt)^t\\ < /o' ds\\{z;^,stft+sst + >;;.5i^t+..t - z;ft - Y;gt)^t 



Since the integrands are uniformly bounded functions, the Lesbegue theorem (see, for example, ||5 
tells us that it is sufficient to check that 

W^t+rft+T — Ytft\\2 ^st^o 0, \\Zt+rgt+T ~ Ztgt\\2 ^st^o 0, 
s - lim^^o Zt+rft+T = Zlft, 
s - lim^^o yt+rdt+T = Y*gt. 

These relations are corollaries of conditions of lemma B.12 and formulas ( |B.31| ). 

Lemma B.13. Let Tit' = L -[- Tit, Ti-t, T^/^HT~^/^, TTiT"^ he strongly continous operator func- 
tions, WHf^^t ~ '^t'^lb ^(5t^o 0, L be a t-independent (maybe nonbounded) self-adjoint operator, such 
that \ \LT-^\\ < 00, while \\T^/^e-'^^T-^^^\\ < 00, \\Te~'^^T-^\\ < 00. Then there exists a solution to 
the Cauchy problem for system fjB.Sj for the initial condition Fq = 0, Gq = 1: 

INt^ - '^t^Ft - nt-Gt\\2 ^st^o 0, 
||(_^G,i^ - 'HrGt - Ht^FtM ^st^o 0, <^ G D{T). 



(S.33) 



Moreover, 

\\TFt\\2<b{t), \\TGtT-^\\<b{t), \\T^/^GtT-^^^\\ < b{t), \\Gt\\ < b{t) (5.34) 

for some smooth function b{t) on t & [0, ti] . The properties (\B.2^ are also satisfied. 
Proof. Consider the operator functions 

Ft = e-^^Vt, Gt = e^'^^'gt, 
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-iLt 



where {ft, gt) is a solution to the Cauchy problem (p.27| ) with Yt = e^^^TCte 
fo = 0, go = 1. Check of properties (|B.34| ) is straightforward. Let us prove relations (|B.33| ). One has 



—I 



' St 
Gt+st-Gt 
St 



{L* + n:)Gt-nrFt 



5t 



t), 



St 



L*T-^)TFt + ie-^^*\^-i±^ - gt). 



Since 



r 



we obtain relations (|B.33D . 

Property (p.23| ) is proved analogously to : one should consider the convergent in 



-norm series 



G F* 
F G* 



E 

n=0 



G 



t ^t 



AL*t 



with 



G 



t 



G 



i(— n)* 

(— n)* 



dr 



/^(-n+l) 

^ r T 

_p(-n+l) (^(-n+l)* 



Lemma B.13 is proved. 

Lemma B.14. Under conditions of lemma B.13 there exists a solution to the Cauchy problem for 
eg. l \B. with the initial condition Mq = 0. 

Proof. It follows from |^ that the matrix G is invertible and HG"^!] < 1. Consider the operator 
Mt = FtGt^. Note that ||TMt||2 < oo, \\LMt\ \ < oo. One has 



Mt+st -Mt = Mt+stiGt - Gt+st)G;' + {F^+st 
so that \\T{Mt+st - Mt)\\2 ^st^o 0. Therefore, 

TT rt\Jt + -TTtjt (jt\Jt — 



Ft)Gi\ 



Mt+stTT-\^i^§±^ - Gt)Gt' + {Mt+st - Mt)TT-'GtG;' + - Ft)G;\ 

Ananlogously to lemmas B.12, B.13, one finds 



r^t+St ~ ^t 



Therefore, 



5t 

' 6t 



t\\2 



^St- 



^St^O 



Lemma B.14 is proved. 

Therefore, we have proved the following theorem. 

Theorem B.15. Let T, L be self-adjoint operators in L^(R'^) such that 



1^-1/2^^-1/2, 1 



OO, 



\LT- 



< oo. 



\Ty2^-^Ltrp-y2\ \ < ^ 



Te-'^'T-^\ <G, te[0,ti 



Let T — c be positively definite for some positive constant c, 'Ht~ = L + Tit, Ti^^ be operator-valued 
functions such that ||T(7i^^ — T^t^)\\2 -^st^o 0, Ht, T7itT~^ , T^/'^TitT^^/'^ are strongly continous 
operator functions, Ht be a continous function. Then there exists a unique solution '^t to the Cauchy 
problem (\B.!^ , provided that E V = E < oo} It satisfies the properties \E't G P and 



\^t - ^oiir 
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C Some properties of the Weyl symbol 



The purpose of this appendix is to investigate some properties of Weyl symbols of operators which are 
useful in justification of properties H1-H6 of Appendix A. 

C.l Definition of Weyl symbol 

Firs of all, remind the definition of Weyl symbol of operator (see, for example, |^4|, Q). Let 
A{x,k), x,k E IV^ be a classical observable depending on coordinates x = {xi,...,Xd) and momenta 
k = {ki, ka). To specify the corresponding quantum observable A (to "quantize" the observable A), 
one should substitute the coordinates Xi by operators Xi of multiplication by Xi, while the momenta kj 
should be substituted by the operators kj = —id/dkj. However, it is not easy to determine the oper- 
ator A{x, k) for arbitrary function A, since the coordinate and momenta operators do not commute. 
Different ways of ordering operators x and k are known. In the Weyl approach, one first considers the 
partial case 

A = e'"'=+^^^ (ai) 

and sets 

A = 6*^^^+^^^ (C.2) 
The operator (|C.2|) can be defined as a transformation taking the initial condition /°(x) for the Cauchy 



problem for the equation 



(9f* 

-t-l- = {ak + f3x)f{x) {C.3) 



to the solution f^{x) to the Cauchy problem at t = 1. Eq.( |C3| ) is exactly solvable: 



so that 

(e^"^+^'^V)(a;) = e''^'' 6-2"^ fix + a). (CA) 

One finds 

iak+ijSx ifix iak -^a/S 



For an arbitrary function A, one presents it as a superposition of exponents (|C.1|) , 

A{x,k) = J dad(3A{a,(3)e'"''+'^'' 

one sets 



A = j dadf3A{a,(3)e'''''+''^^ 
Applying the formula for inverse Fourier transformation and making use of formula (UA), we find 



iAf)ix) = J ^A(a: + |;p)e-^/(x + a). (C.S) 

We denote the operatoe A of the form (|C75D as A = W(v4). We will also write A = W{A) if A = >V(A). 

Definition C.l. The operator W{A) is called a Weyl quantization of the function A. The function 
W{A) is called as a Weyl symbol of the operator A. 
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C.2 Some calsses of Weyl symbols 
C.2.1 Claisses An and Bn 

For investigations of QFT ultraviolet divergences, we are interested in behavior of Weyl symbols of 
operators at large values of momenta. Let us introduce some important spaces. Let Uk — -\/P~-i-m^ for 
some m. 

Definition C.2. 1. We say that a smooth function A{x, k) is of the class Bn if and only if the 
functions 

are bounded for all s, ii, ...,is- 

2. Let An e Bn, n — 1, oo, A e Bn- We say that Bn — linin-^^oo An — A if and only if 

hm maxa;f — = 

for all s, ii, is- 

3. We say that a function A & Bn is of the class An if and only if 

d d 

for all R, P, ji, ...,iR, si, ...,sp. 

4. Let An e An, A e An- We say that An — Hirin^ooAn = A if and only if 

d d 

Bn - lim Xj^...Xj^- — (A„ - A) = 

for all R, P, ji,...,3R, Si,...,sp. 

Let us investigate some properties of introduced classes An and Bn- 
Lemma C.l. 1. An+r C A, Bn+r QB for R>0. 

2. Let An+r — linin^oo An — A and R> 0. Then An — lim^^oo An — A. 

3. Let Bn+r — linin^oo An — A and R> 0. Then Bn — lini„^oo An — A. 

The proof is obvious: it is sufficient to notice that co^^ is a bounded function. 
Lemma C.2. 1. Let A^Bn- Then -^A e Bn+i- 

2. Let A e An- Then XiA e An, G An, ^ An+\, fix) A e An for smooth hounded function 
/(^)- 

3. Let Bn - lini„_oo An = A. Then Bn+i - lini„_^oo ^-4„ = 

4. Let An - hm„_oo A„ ^ A. Then An - hm„_^oo XiAn = XiA, An - lini„_^oo ^ ^ Ml' 
An+\ - hm„_oo = ■An - lini„_oo f{x)An = f{x)A for smooth hounded function f{x). 

The proof is also obvious. 

Lemma C.3. Let Ai G Bn-^^, A2 G Bn2- Then A1A2 G Bni+N2- 
Proof. It is sufficient to check that the expression 

is bounded. This statement is a corollary of properties Ai G Bni, A2 G Bn2 and formula 

Lemma C.3 is proved. 
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Lemma C.4. The following properties are satisfied: ki G B-i, 00^ G B-a- 

Proof. Since \ki/ujk\ < 1, we obtain the property ki G For the function u;^, one has 

^ ^ -ujt = utV{h/u,) (C.7) 



dki^ '"dki 

where P is a polynomial in ki/oj^. Property ( |C.7| ) is checked by induction. Therefore, functions ( |C.6| ) 
are bounded for = 1. Lemma C.4 is proved. 
Lemma C.5. 1. Let A G Bj^. Then 

dA 

kiA G Bn-1, ^k^'A G Bn+cx, -ttt ^ ^N+i- 



dk 



2. Let A G An- Then 

dA 

kiA G ^AT-i, i-^fc"^ ^ An+o, £ An+1- 

Proof. Property 1 is a corollary of lemmas C.2 and C.4. Property 1 implies property 2. Lemma is 
proved. 

Lemma C.6. 1. Let Bn — lini„_^oo An = A. Then 

dA dA 

Bn-i — lim kiAn = hA, B^+a — hm uj^°'An = ^k'^A, B^+i — lim 



n— >oo n— »oo 

2. Let An — lim„^oo An = A. Then 

An-1 — lim kiAn = k^A, An+u — hm 107°^ An = ujZ'^A, An+i — hm 



dki dki 



dA„ dA 



dki dki 



The proof is analogous to the proof of lemma C.3. 
Lemma C.7. 1. Let Ai G An^, A2 G An2- Then A1A2 G ^A^i+Afa- 
2. Let An^ - lim„^oo ^i,n = Ai, An2 - lim„_^oo ^2,n = A2. Then An^+n2 - hm„^oo ^i,n-42,„ = A1A2. 
The proof is analogous to lemma C.3. 

C.2. 2 Properties of operators and symbols 



Lemma C.8. 1. Let A G ^o- Then the operator yV{A) ( \C.^ ) is bounded. 



2. Let Ao - lim„^oo^n = 0. Then lim^^oo = 0. 

Proof (cf. [^). Let us obtain an estimation for the norm ||v4||. One has 



The estimation || /d/3F(/3)|| < J dl3\\F{(3)\ \ implies 

Mil < fd(3\\ f c/ae'"(^+^/')i(a,/3). 



However, for operator F{k) one has ||F(A;)|| = sup^ ||F(fc)||, since in the momentum representation 
F{k) is the operator of multiplication be F{k). Therefore, 



/ciae^°(^+^/2)^^^^^)|| _ ^^^^ \Jdae'''^''+'^/'^^A{a,f3) \ = maxfc | /(iae*"M(a,;3)| 
m.axk\ J j0jdA{x, k)e *^^| = (^2^i)jv max/; | / (27r)<^(a:'2+i)jv^ + A^; + l)'^^(a;, fc)|. 
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Here N is an arbitrary number such that > d/2. Thus, 



The first statement is judtified. Proof of the second statement is analogous. Lemma C.8 is proved. 

Lemma C.9.1. Let A G An, N > d/2. Then W(A) is a Hilhert- Schmidt operator. 
2. Let An - hm„^oo = 0, iV > d/2. Then hm^^oo ||>V(A„)||2 = 0. 

Proof. Let us use the property ^ 

whcih can be obtained from definition (|C.5|) . One has 

The first statement is justified. Proof of the second statement is analogous. Lemma C.9 is proved. 



C.3 Properties of *-product 

Remind that the Weyl sumbol of the product of operators 

A*B = W{W{A)W{B)) 



can be presented as ^ 



Formula ( |C8D can be obtained from definition ( |(J.5| ). 



Let us investigate some properties of formula (|C.8|) . Let us find an expansion of formula ( |C.8| ) as 
I A; I — > oo. Formally, one has 

^{X + + y) - l^n2=0 2^^. Okh 9fc'"2 ^2 ■■■P2 , 

nyx^i^2,t^ 2 J - 2^ni=0 2»lni! 3kn ^1 "•^l " 



Therefore, 



( A * h\ — (-1)"^ r dl3id/32d^id(2 ^-i0^£,-i02£9. d"2AixHi,k) gh ff" 



X ■ 



.j^lftn f3J"i _ y^oo 

dkn...dk^"l HI ■■■HI ^nin2=0 2'^i+'^2ni\n2l dkn...dk^"2dxn...dx^"i dxn...dx^"2dkn...dk^" 



iC.9) 



Denote 



^ni-na 8''^+''^ A(x , k) 8'''+''^ B(x, k) 

{A*B){x,k)= 2^ 



_L 2"i+"2^i!n2! 9A;*i...c}fc*"2 5xJi...c}x^"i dx^K..dx'"'2dki^ ...dk^"^ 

n\n2>\) ,ni+n2<K ^ ^ 

This is an asymptotic expansion in \/\k\ as \k\ oo. Let us estimate an accuracy of the asymptotic 
series. 

Making use of the relation 

A{x + ^i,k + (^)- A{x + 6, k) = /' d{a2 - l)i^A{x + ^i,k + «2^) 
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and integrating by parts N2 times, we find 



Analogously, 



Jo ""22JV2+1JV2! afeH...9fe*^2+i P2 ■■■P2 



RrT--^;^^ t - - V^i (-1)"! d-'^A(x+(,2,k) oh oin2 
n{x-\-i;2,K -y) — Z^ni=o 2"ini! afcn..^jt'"i ^1 ■■■''^1 



Therefore, 



^ ujyu,, rvj Z^ni=0 A^,i2=0 2"i+"2„i!n2! dkn ...dk''^2dxn ...dx^ri^ dxn...dx'-'^'2dkh...dk^rii 
"T Z^ni=0 'niAr2 "1" ^n2=0 ' iVin2 ^NiN2 

with the following remaining terms, 

^(1) _ f d^idfed6d6„-i/3i6-i/326 (1-02)^2 Q^2+iA(a;+a,fc+a2^) mi ^ijVj+i 

'niATj — J ^ JO ""2 2iV2+iAr2! afcn ^2 ■■■P2 

(-1)"! 

^ 2"im! dkh...dk''^i ^1 ■■■'^1 ' 

„(2) _ r dPid02diidi2 „-iB,e,-i09.So. fl^^ a^i+iB(x+g2,fc-ai^) ^ji ^iiVi+i 

'ATms — J (27r)2d Jo ""1 2^1 + iAfi! afcn afc-'JVi+i ^1 ■■■'^1 

2"2„2! Sfen...aifc'"2 ^2 ■■■/^2 ) 

D _ r d§id§2diid^^-iPi^i-il32^2 rl^„ (1-02)^2 9^2+1 A(a;+gi,fc+a2^) r,i 

^NiN2 - J (2,r)2d 6 Jo ""2 2iV2+i^2! Bkh dk"^2+i P2 ■■■P2 

. 1 , (l-a2)^2(-l)A^i+i a^i+iB(a;+6,fc-ai|-) ^j'l ^i^i +1 

Let us investigate the remaining terms. 
C.3.1 The /^-independent case 

Definition C.3. We say that the function f{x), x G R'^ is of the class C if f is a smooth function such 
that for each set (ii, ii) there exists m > such that the function 

Ql 

is hounded. 

Let A — f(x),f e C. Then the only nontrivial term is r^^Q which is taken by integrating by parts 
to the form 



^(2) _ fdP^d^r d-^-^^ . (l-a,rd-^^^B{x,k-a,^) 



Let us prove some auxiliary statements. 

Lemma C.IO. For some constent Ai the estimation 



is satisfied. 

Proof. Let p—{^ + a)k + p±, a E'R, p± ± k. Then 



< = /(a, k), 

UpLOk-p <^(l/2+a)ik<^(l/2-a)fe 
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so that it is sufficient to check estimation ( |C.11|) for p = ak only. For the function 1//^, one has 



It has the following minimal value 

1 _ [ F<4m2, a = 0. 



The quantity ( |C12| ) is bounded below. Thus, lemma is proved. 
Corollary. For < 7 < 1, 

< A,. 

Lemma C.ll. Let C G An, x^C, (f e C[0, 1]. Then for 

Fix, k) = da^ia) J ^e-^«x(:^ + ^Cix, k - ^) (CIS) 



the function uj^ F is hounded. 
Proof. Inserting the identity 



= (^2 ^ + l)^^e-^« (ai4) 

and integrating by parts, we obtain that 

F(.. k) ^ /; / + (l - " C(.; . - f ). 

For the function F, one has 

L2+N 

^ (1 ~ TM^) C{x]k-^). 



Choose L2 to be such a number that ^'^^^ is integer, L2 > d. The property x G C implies that there 
exists such K that 



+ = ((a; + + lrfm.,...Jx + 0, m = 0, 



where fm,ii...im bounded functions. Choose Li to be integer and Li > Integrating expression 

( |U.15| ) by parts, making use of corollary of lemma C.IO and property C G An, we obtain that uj^F is 
a bounded function. Lemma C.ll is proved. 

Lemma C.12. Under conditions of lemma C.ll F & An- 

Proof. It is sufficient to consider the functions 

which are expressed via linear combinations of integrals of the type (|C.13|) . Lemma C.12 is a corollary 
of lemma C.ll. 

Lemma C.13. Let An — lini„^oo Cn = C,x^C,LpE C[0.1]. Then An — linin^oo Fn = F . 
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The proof is analogous to lemmas C.ll and C.12. 
We obtain therefore the following theorem. 
Theorem C.14. 1. Let f eC, B e An- Then 

f*B = f*B + RK 

with Rk G An+k+i- 

2. Let f eC, An - lim^^oo i?n = 0. Then An+k+i - lim„_oo(/ * i?„ - / * i?„) = 0. 



C.3.2 The x-independent case 

Let A = A{k), A G Bmi, B G Am2- The only nontrivial term is taken to the form: 



1 / ^ X N2 + 1 



Lemma C.15. C = C{k), C E Bk,, Ki > 0, D e Ak^, ^ G C[0, 1]. Then for 

F{x,k) = f^da^{a) J ^,e-^'^C{k+^)D{x + C,k)Cn-Cj.. 

the function oojf^^^^F is bounded. 

Proof. Inserting the identity ( |C.14| ) and integrating by parts, we obtain that 



F{x, k) = da^ia) J ^^^^e-'f^^D{x + ^, k) (l - 



4 9fc2 



For the function ujjf^~^^^F, one has 

a;f k) = J,' da^{a) J ^ J^I^^^^^k' D {x + e, k) (-i^ + m 



L2+K1 
2\ 2 



(1 - * ft) ■ (-'! + f ) 



Integrating by parts for sufficiently large Li, L2, making use of lemmas C.IO, we check proposition of 
lemma C.15. 

Lemma C.16. Under conditions of lemma C.15 F E Aki+K2- 

Lemma C.17. Let Ak2 - lim^^oo = D, C = C{k), C G Bk,, Ki > 0, ip e C[0, 1]. Then 

Aki+K2 ~ linin^oo Fn = F- 

The proof is analogous to lemmas C.12 and C.13. We obtain then the following theorem. 
Theorem C.18. 1. Let A = A{k), A G Smi, B G Aai^. Then 

A*B = A*B + Rk 

with Rk G Ami+M2+k+i, provided that K + Mi + 1 > 0. 
2. Let A = A{k), A G Bm^, Am2 - lim„_^oo Bn = B. Then 

Am^+M2+k+i - \im{A*Bn- A* B^) = 0, 

provided that K + Mi + 1 > 0. 

Remark. If the proposition of theorem C.18 is satisfied for K = Kq, it is satisfied for all K < Kq. 
Therefore, the condition K + Mi + 1 > can be omitted. 

The following lemma is a corollary of theorem C.18. 
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Lemma C.19.1. Let A G An, N > d. Then W(A) is of the trace class. 
2. Let An - lim„^oo A^ = 0, N > d. Then lim„^oo rr>V(A„) = 0. 
Proof. Consider the operator 

with 

B = a;f * ix' + If/' * A 

Since B e W(-B) is a Hilbert-Schmidt operator according to lemma C.9. Therefore, W{A) is a 

product of two Hilbert-Schmidt operators (x^ + l)-^/^u;-^/'^ and W{B). Thus, is of the trace 

class. 

One also has: 

\TrW{A^)\ = \Tr{x' + l)-''/'u;-''/'W{B^)\ < + l)-^/^(:;-^/^||2||>V(S„)||2. 
Making use of lemma C.9, we prove lemma C.19. 



C.3.3 The ^Ar-case 

Let A G Ami, B G Am2- The r-terms can be investigated as follows. 

1. We substitute Pi ge^'^^^'^^^-^ = i-^^e"^^'^'^^^ '^ and integrate the expressions for r^^\ R by parts 

with respect to ^i, ^2- 

2. We consider the quantities like 

, ,Ni+N2+Mi+M2+l+L 9^ 9 d 

for r = r*^^\ r*^^\ R and show them to be bounded. We use the following statement. 
Lemma C.20. Let F G Aki, G G Ak2j ^i-i ^2 > 0. Then the function 

is uniformly bounded with respect to ai, 02 G [0, 1]. 

This lemma is proved analogously to lemmas C.ll and C.15. 

3. Analogously to previous subsubsections, we prove the following theorem. 
Theorem C.21. 1. Let A G Am^, B G Am2- Then 



A* B ^ A* B + Rk 



with Rk G Ami+M2+k+i- 

2. Let An G Ami, Bn G Am2- Then 



Ami+M2+k+i - liui{An*Bn-An*Bn) = A*B-A* B. 



C.4 Properties of the exponent 

Let us investigate now the properties of the exponent of the operator exp>V(v4) = >V(*exp A). It is 
convenient to consider the Fourier transformations of Weyl symbols. 
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Introduce the following norms for Weyl symbols, 



\A\\t K = max max — — lm^■■■lm^,-^ 7^ 1- {Cll) 



Lemma C.22. A G Ai if and only if \ \A\ < 00 for all k = 0, 00. 
The proof is obvious. 

Let C = A* B. Then the Fourier transformation C can be expressed via A and B as follows, 

C(7, k)= J daA{a, k + ^^)B{-f -a,k- -). (CIS) 

The following estimation is satisfied. 

Lemma C.23. For arbitrary integer numbers K , L > d/2 there exists such a constant that 

\\A*B\\q^K < bK\\A\\o,K+2L\\B\\o,K. (C.19) 



To prove estimation ( |C.19|) , one should use definition (|C.17|) and formula (|C.18|) : 

(i) the derivatives d/d'jn are applied as 

k + 2i^)S(7 - a. A: - f )) = k+ 
7^)5(^ _ A; - f ) + A{a, k + ^)^i?(7 - «, A: - f ); 

(ii) the derivatives d/dkj are applied analogously; 

(iii) the multiplicators 7^ are written as am + (7m — ctm); 

(iv) the estimations 

(lemma CIO) are taken into account. 

(v) the integrating measure is written as 

da ,9 

We obtain the estimation (|C.19|) . 

Consider the Weyl symbol of the exponent 

* exp At - 1 = ^ — (C.20) 

n=l ^■ 

with A*"" = A* ... * A. 

Lemma C.24. Let A G Am,M > 0. Then the estimation i\C.2(]l ) is convergent in the \ \ ■ Wo^K-norm. 
The estimation \ \ * exp At — 1\\o,k < Ck is satisfied for t G [0, T] . 
Proof. One has 



1^ \\0,K S Oj^ \\y^\\o^K+2L\\^\hK S Ok I |^| lo,i^+2L- 



Therefore 



bx n\ bx 

on t G [O.T]. Lemma C.24 is proved. 



Lemma C.25. Let A G Am, M > 0. Then 

00 



2_. — r ^ -^MN- 

AT 

m=N 
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Proof. One has 

Lemma C.24 implies that 

Jo dr^^^^{*expAr-l)eAo. 
It follows from theorem C.21 that the symbol ( C.21 ) is of the ^jvM-class. Lemma C.25 is proved. 



Lemma C.26. Let An E Am, M > and Am — lini„^oo An = A. Then 

CO j^*m oo 

Amn - hm = — r- 

m=N m=N 



Proof. Because relation ( |C.21| ) and theorem C.21 it is sufficient to prove that 

Ao - jirn J d V ^ {* exp Aj - * exp At) = 0. (C22) 



One has 



* exp Ant — * exp At = dr * exp A(t — r) * (A„ — A) * exp A„r. 

Jo 

Making use of lemma C.23, we obtain then estimation ( p.22|) . 
C.5 Estimations for the commutator 

Let A = f{x), B = g{k). To investigate the properties of the commutator K = [A; B], it is convenient 
to introduce the notion of xA;-symbol of the operator instead of Weyl symbol. For the xA;-quantization, 
the operator e*^^e*"*' corresponds to the function ( (J.l ). Therefore, the function 



A{x,k)= I dad(3A{a,(3)e'''^^'^'' 

corresponds to the operator 



A = j dad(3A{a,l3)e'^^e''^'^ 



For x/c-quantization, the *-product defined from the relations C = AB, C = A* B has the form [0, ^ 



{A * B){x, k) = A{x, k - i—)B{y, k)\y=^. 



d_ 



Lemma C.27. 1. Let A{x,k) = (fi{x)ip2{k) with bounded functions (pi, (p2- Then \ \A\ \ < oo. 
2. Let A G L^(R^'*). Then A is a Hilhert- Schmidt operator. 

Proof. 1. One has A = (pi{x)(f2{k), \\A\ \ < \ \(pi{x)\\\\(f2{k)\ \ = max \ max \(f2\ < oo. 
2. One has 

TrA+ A = 

(2vr)^ 

The commutator K = [f{x),g{k)] has the following xfc-symbol: 



TrA^A = ^ J dxdk\A{x, A;) ^ < oo. 



Kix, k) = [gik) - g{k - il)]f{x) = ELo apfh^i-^'''^ 
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Lemma C.28. LetC{x,k) = A{k - iad/dx)B{x). Then \\C\\l2 = ||>l||i2||S||i2. 
Proof. Consider the Fourier transformation of the function A: 

A{k) = J d7i(7)e^^^ 

One has ||^||l2 = {27ry/^\\A\\L2 and 

C{x, k) = J rf7i(7)e'^'=e^"^5(x). 

Since e^°'^B(x) — B(x + 70;), one has 

\\C\\l2 = f dkdxdjidj2A*{-fi)e-'^'''B*{x + jia)A{-f2)e''''''B{x + j2a) = 
{2nrjdj\A{j)\'Jdx\B{x + ^a)\'^\\A\\l,\\B\\%. 

Lemma C.28 is proved. 

We have obtained the following important statement. 

Lemma C.29. Let Q^S~d^' dk'^i^dk^n bounded functions, m,n — 1,L, while 

dx^K..dx^L+i ' dk''K..dk''L+i 
Then [f{x),g{k)] is a bounded operator. 



C.6 Asymptotic expansions of Weyl symbol 



To check the property of Poincarc invariance, it is important to investigate the laige-k expansion of the 
Weyl symbols. Introduce the correponding definitions. 

Definition C.4. 1. We say that a smooth function A{x,n), x,n E R"*, \n\ < 1, is of the calss C if 
the functions 

Ql qm 

A (a23) 



rriM 



are bounded. 

2. Let As E C, s = 1, 00. We say that C — lims_»oo^s — if 



sup lim 

|n|<l 



dni^...dnij 



d 



M 



dxjfi^ . . . dxjYij^ 



-A 



Definitions C.2 and C.4 imply the following statement. 

Lemma C.30. 1. Let A E C Then the function B{x, k) = A{x, k/ujk) is of the class Bq. 
2. Let jC — limg^oo — 0. Then Bq — limg^oo -^si^, k/omegak) — 0. 

Making use of definition C.2 and lemma C.25, we obtain the following corollary. 

Corollary. 1. Let A E C. Then the function uj'j^°'A{x, k/uj^) is of the class Aa- 
2. Let C — lims^oo^s = 0. Then Aa — linis^oo'^fe^^sl^:^, k/omegak) = 0. 

Definition C.5. 1. A formal asymptotic expansion is a set A of a G R and functions Aq, Ai, ... e C 
We say that the formal asymptotic expansions A — {a, Aq, Ai, ..) and B — {(5, Bq, Bi, ..) are equivalent 
if a — P is an integer number and Ai^^+p — Bi for all I = —00, +00 (we assume Ai — and Bi — for 
I < 0. We denote formal asymptotic expansions of Weyl symbols as 

00 

A= Y,uj^''-''An{x,k/uJk)- 

n=0 

If Aq = 0, Ai_i = 0, Ai ^ 0, the quantity degA = a + n is called as a degree of a formal asymptotic 
expansion A. 
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2. Let As, s = 1,00 and A be formal asymptotic expansions of Weyl symbols. We say that F.E 
lim^^oo As = A if as = a and C - lims^oo(^s,n - As) = 0. 

The summation and multiplication by numbers are obviously defined: 



n=0 

The product of formal asymptotic expansions of Weyl symbols 

00 00 

is defined as 



n=0 n=0 



^-B=X]^fc''"^ As{x,k/uJk)Bi{x,k/uJk). 

n=0 s,l>0;s+l=n 

Let / = f{x), fee. Then 

00 

f{x)A = Y.UJl''-^f{x)Ar,{x,k/uJk). 
n=0 

One also defines 

00 

n=0 

and 



OUs 



dAi 

-{1 + a)Ai{x,n) + -^{x,n){5ps - UpUg) 



\n=k/ujk 



The *-product of formal asymptotic expansions is introduced as 

^ =^ -D — Z^jj:=0 ^nin2>0,ni+n2=-K: ni!n2!2"i+"2 Qa-ii dx^"2dkn g^Jn-i l^li=0^k ^h\X, h,/ iUk) 

g"i+"2 



^ axh ...aXl akn...ae"2 ^h=o "^Ai^{x,k/ujk) 



The formal asymptotic expansions A*u'^, A* f(x) are defined analogously. The *-exponent of a formal 
asymptotic expansion A is defined as 



00 j^*n 

* exp A — 1 — — - 
^1 ^' 



provided that degA is a positive integer number. 

Definition C.6. 1. An asymptotic expansion of the Weyl symbol is a set A= {A, A) of the Weyl 
symbol A and a formal asymptotic expansion A such that 

A{x, fc) — Z - £ An+a 

1=0 ^k 



for all n — 0, 00. 

2. We say that E — lims_»oo A^ — Aif F.E — lims_,.oo Ag — A and 

1=0 ^k 1=0 ^k 



for all n = 0, 00. 

Remctrk. For given Weyl symbol A, the asymptotic expansion is not unique. For example, let 

A{x,k) = m^f{x)/uk. 
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One can choose a = 2, Aq^Xju) = rn?f[x) anf find A[x, k) = ujJ^'^Ao{x, k/uk). On the other hand, one 
can set a = 0, Ao{x,n) = f{x){l — riirii) and obtain k) = Ao{x, k/ujk) since ul — kiki = m^. We 
see that a degree is a characteristic feature of an expansion rather than of a symbol. 

Let A= {A,A), B = (5, B). Denote A* B = {A* B, A* B), 
uj^*A=iuj^*A,u;^*A), 
f{x)*A = {f{x)*AJ{x)*A), 
* exp A — 1 = (* exp A — 1,* exp A — 1). 

Theorems C.14, C.18, C.21 and lemmas C.25 and C.26 imply the following statements. 

Theorem C.31. 1. Let Abe an asymptotic expansion of a Weyl symbol. Then * A and f{x) * A 
are asymptotic expansions of Weyl symbols under conditions of theorem C.14> while *expA — 1 is an 
asymptotic expansion of a Weyl symbol, provided that degA is a positive integer number. 
2. Let A and B_ be asymptotic expansions of Weyl symbols. Then A* B_ is an asymptotic expansion af 
a Weyl symbol. 

Theorem C. 32. 1. Let E - limn-, oo An = A- Then: 
(a) E - lim„_^oo * An^k * A; 

(h) E — lim„_»oo f{x) * Anfi^) * A under conditions of theorem C.14; 

(c) E — limn oo(*expy4„ — 1) = *expA — 1 if degAn, degA are positive integer numbers. 
2. Let E — lim„^oo An = A o-nd E — lim„^oo 5„ = B_. Then E — lim„^oo An * S.n = A* B_. 

The time derivative of teh asymptotic expansion A(t) with respect to t is defined in a standard way 

^ Ait + 6t)-Ait) dA{t) 

E — lim = ; . 

st^o 6t dt 

The integral J^^ A{t)dt is also defined in a standard way. 
Theorem C.32 imply the following statement. 

Theorem C.33. 1. Let A(t) be a continously differentiable asymptotic expansion of a Weyl symbol. 
Then 

(a) i{ut*A) = u:t*'-i;^^ 

(b) ^{f{x) * ^ = f{x) * ^ under conditions of theorem C.I4. 

(c) |(* exp A - 1) = rfre^(*-) * § * e^^ ; 

(d) i{A*B) = iA*B + A*iB. 

The only nontrivial statement is (c). It is proved by using the identity |53 | 



* exp — * exp ^2 = / dr * exp(Ai(l — t)) * {Ai — A2) * ^w{A2t) ■ 

Jo 
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